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Abstract
Consistent interactions that can be added to a free, Abelian gauge
theory comprising a finite collection of BF models and a finite set
of two-form gauge fields (with the Lagrangian action written in first-
order form as a sum of Abelian Freedman-Townsend models) are con-
structed from the deformation of the solution to the master equation
based on specific cohomological techniques. Under the hypotheses of
smoothness in the coupling constant, locality, Lorentz covariance, and
Poincare´ invariance of the interactions, supplemented with the require-
ment on the preservation of the number of derivatives on each field
with respect to the free theory, we obtain that the deformation proce-
dure modifies the Lagrangian action, the gauge transformations as well
as the accompanying algebra. The interacting Lagrangian action con-
tains a generalized version of non-Abelian Freedman-Townsend model.
The consistency of interactions to all orders in the coupling constant
unfolds certain equations, which are shown to have solutions.
PACS number: 11.10.Ef
1 Introduction
The power of the BRST formalism was strongly increased by its cohomo-
logical development, which allowed, among others, a useful investigation of
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many interesting aspects related to the perturbative renormalization prob-
lem [1, 2, 3, 4, 5], anomaly-tracking mechanism [5, 6, 7, 8, 9, 10], simultaneous
study of local and rigid invariances of a given theory [11] as well as to the
reformulation of the construction of consistent interactions in gauge theo-
ries [12, 13, 14, 15, 16] in terms of the deformation theory [17, 18, 19] or,
actually, in terms of the deformation of the solution to the master equa-
tion [20, 21].
The scope of this paper is to investigate the consistent interactions that
can be added to a free, Abelian gauge theory consisting of a finite collection
of BF models and a finite set of two-form gauge fields (described by a sum of
Abelian Freedman-Townsend actions). Each BF model from the collection
comprises a scalar field, a two-form and two sorts of one-forms. We work
under the hypotheses that the interactions are smooth in the coupling con-
stant, local, Lorentz covariant, and Poincare´ invariant, supplemented with
the requirement on the preservation of the number of derivatives on each
field with respect to the free theory. Under these hypotheses, we obtain the
most general form of the theory that describes the cross-couplings between
a collection of BF models and a set of two-form gauge fields. The resulting
interacting model is accurately formulated in terms of a gauge theory with
gauge transformations that close according to an open algebra (the commuta-
tors among the deformed gauge transformations only close on the stationary
surface of deformed field equations).
Topological BF models [22] are important in view of the fact that cer-
tain interacting, non-Abelian versions are related to a Poisson structure alge-
bra [23] present in various versions of Poisson sigma models [24, 25, 26, 27, 28,
29, 30], which are known to be useful at the study of two-dimensional grav-
ity [31, 32, 33, 34, 35, 36, 37, 38, 39, 40] (for a detailed approach, see [41]). It
is well known that pure three-dimensional gravity is just a BF theory. More-
over, in higher dimensions general relativity and supergravity in Ashtekar
formalism may also be formulated as topological BF theories with some extra
constraints [42, 43, 44, 45]. Due to these results, it is important to know the
self-interactions in BF theories as well as the couplings between BF models
and other theories. This problem has been considered in literature in relation
with self-interactions in various classes of BF models [46, 47, 48, 49, 50, 51, 52]
and couplings to matter fields [53] and vector fields [54, 55] by using the
powerful BRST cohomological reformulation of the problem of constructing
consistent interactions. Other aspects concerning interacting, topological BF
models can be found in [56, 57, 58]. On the other hand, models with p-form
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gauge fields play an important role in string and superstring theory as well
as in supergravity. Based on these considerations, the study of interactions
between BF models and two-forms appears as a topic that might enlighten
certain aspects in both gravity and supergravity theories.
Our strategy goes as follows. Initially, we determine in Section 2 the
antifield-BRST symmetry of the free model, which splits as the sum between
the Koszul-Tate differential and the exterior derivative along the gauge or-
bits, s = δ + γ. Then, in Section 3 we briefly present the reformulation of
the problem of constructing consistent interactions in gauge field theories in
terms of the deformation of the solution to the master equation. Next, in
Section 4 we determine the consistent deformations of the solution to the
master equation for the model under consideration. The first-order defor-
mation belongs to the local cohomology H0(s|d), where d is the exterior
spacetime derivative. The computation of the cohomological space H0(s|d)
proceeds by expanding the co-cycles according to the antighost number and
further using the cohomological groups H(γ) and H(δ|d). We find that the
first-order deformation is parameterized by 11 types of smooth functions of
the undifferentiated scalar fields, which become restricted to fulfill 19 kinds
of equations in order to produce a deformation that is consistent to all or-
ders in the coupling constant. With the help of these equations we show that
the remaining deformations, of orders 2 and higher, can be taken to vanish.
The identification of the interacting model is developed in Section 5. All the
interaction vertices are derivative-free. Among the cross-couplings between
the collection of BF models and the set of two-form gauge fields we find a
generalized version of non-Abelian Freedman-Townsend vertex. (By ‘gen-
eralized’ we mean that its form is identical with the standard non-Abelian
Freedman-Townsend vertex up to the point that the structure constants of
a Lie algebra are replaced here with some functions depending on the un-
differentiated scalar fields from the BF sector.) Meanwhile, both the gauge
transformations corresponding to the coupled model and their algebra are de-
formed with respect to the initial Abelian theory in such a way that the new
gauge algebra becomes open and the reducibility relations only close on-shell
(on the stationary surface of deformed field equations). It is interesting to
mention that by contrast to the standard non-Abelian Freedman-Townsend
model, where the auxiliary vector fields are gauge-invariant, here these fields
gain nonvanishing gauge transformations, proportional with some BF gauge
parameters. In the end of Section 5 we comment on several classes of solu-
tions to the equations satisfied by the various functions of the scalar fields
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that parameterize the deformed solution to the master equation. Section 6
closes the paper with the main conclusions. The present paper also contains
4 appendices, in which various notations used in the main body of the paper
as well as some formulas concerning the gauge structure of the interacting
model are listed.
2 Free model: Lagrangian formulation and
BRST symmetry
The starting point is given by a free theory in four spacetime dimensions
that describes a finite collection of BF models and a finite set of two-form
gauge fields, with the Lagrangian action
S0[A
a
µ, H
a
µ, ϕa, B
µν
a , V
A
µν , V
A
µ ] =
∫
d4x
(
Haµ∂
µϕa +
1
2
Bµνa ∂[µA
a
ν]
+1
2
V µνA F
A
µν +
1
2
V Aµ V
µ
A
)
. (2.1)
Each of the BF models from the collection (to be indexed by lower case let-
ters a, b, etc.) comprises a scalar field ϕa, two kinds of one-forms A
a
µ and H
a
µ,
and a two-form Bµνa . The action for the set of Abelian two-forms decomposes
as a sum of individual two-form actions, indexed via capital Latin letters (A,
B, etc.). Each two-form action is written in first-order form as an Abelian
Freedman-Townsend action, in terms of a two-form V µνA and of an auxiliary
vector V Aµ , with the Abelian field strength F
A
µν = ∂[µV
A
ν] . The collection in-
dices from the two-form sector are lowered with the (non-degenerate) metric
kAB induced by the Lagrangian density
1
2
(
V µνA F
A
µν + V
A
µ V
µ
A
)
from (2.1) (i.e.
F µνA = kABF
Bµν) and are raised with its inverse, of elements kAB. Of course,
we consider the general situation, where the two types of collection indexes
run independently one from each other. Everywhere in this paper the nota-
tion [µ . . . ν] signifies complete antisymmetry with respect to the (Lorentz)
indices between brackets, with the conventions that the minimum number of
terms is always used and the result is never divided by the number of terms.
Action (2.1) is found invariant under the gauge transformations
δǫA
a
µ = ∂µǫ
a, δǫH
a
µ = −2∂
νǫaνµ, δǫϕa = 0, (2.2)
δǫB
µν
a = −3∂ρǫ
ρµν
a , δǫV
A
µν = εµνρλ∂
ρǫAλ, δǫV
A
µ = 0, (2.3)
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where all the gauge parameters are bosonic, with ǫaµν and ǫ
µνρ
a completely
antisymmetric. It is easy to see that the above gauge transformations are
Abelian and off-shell (everywhere in the space of field histories, not only on
the stationary surface of field equations for (2.1)), second-order reducible.
Indeed, related to the first-order reducibility, we observe that if we make the
transformations ǫaµν(θ) = −3∂
λθaλµν , ǫ
µνρ
a (θ) = −4∂λθ
λµνρ
a , ǫ
Aλ(θ) = ∂λθA,
with θs arbitrary, bosonic functions, completely antisymmetric (where appli-
cable) in their Lorentz indices, then the corresponding gauge transformations
identically vanish, δǫ(θ)H
a
µ = 0, δǫ(θ)B
µν
a = 0, δǫ(θ)V
A
µν = 0. The last two trans-
formation laws of the gauge parameters can be further annihilated by trivial
transformations only: ǫµνρa (θ) = 0 if and only if θ
λµνρ
a = 0 and ǫ
Aλ(θ) = 0 if
and only if θA = 0, so there is no higher-order reducibility associated with
them. By contrast, the first one can be made to vanish strongly via the
transformation θaλµν(ω) = −4∂
αωaαλµν , with ω
a
αλµν an arbitrary, completely
antisymmetric, bosonic function (which indeed produces ǫaµν(θ (ω)) = 0), but
there is no nontrivial transformation of ωaαλµν such that θ
a
λµν becomes zero.
Thus, the reducibility of (2.2)–(2.3) stops at order 2 and holds off-shell.
In order to construct the BRST symmetry of this free theory, we introduce
the field/ghost and antifield spectra
Φα0 =
(
Aaµ, H
a
µ, ϕa, B
µν
a , V
A
µν , V
A
µ
)
, (2.4)
Φ∗α0 =
(
A∗µa , H
∗µ
a , ϕ
∗a, B∗aµν , V
∗µν
A , V
∗µ
A
)
, (2.5)
ηα1 =
(
ηa, Caµν , η
µνρ
a , C
A
µ
)
, (2.6)
η∗α1 =
(
η∗a, C
∗µν
a , η
∗a
µνρ, C
∗µ
A
)
, (2.7)
ηα2 =
(
Caµνρ, η
µνρλ
a , C
A
)
, η∗α2 =
(
C∗µνρa , η
∗a
µνρλ, C
∗
A
)
, (2.8)
ηα3 =
(
Caµνρλ
)
, η∗α3 =
(
C∗µνρλa
)
. (2.9)
The fermionic ghosts ηα1 respectively correspond to the bosonic gauge param-
eters ǫα1 =
(
ǫa, ǫaµν , ǫ
µνρ
a , ǫ
A
µ
)
, the bosonic ghosts for ghosts ηα2 are due to the
first-order reducibility relations (the θ-parameters from the previous trans-
formations), while the fermionic ghosts for ghosts for ghosts ηα3 are required
by the second-order reducibility relations (the ω-function from the above).
The star variables represent the antifields of the corresponding fields/ghosts.
(Their Grassmann parities are respectively opposite to those of the associ-
ated fields/ghosts, in agreement with the general rules of the antifield-BRST
method.)
Since both the gauge generators and the reducibility functions are field-
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independent, it follows that the BRST differential reduces to
s = δ + γ, (2.10)
where δ is the Koszul-Tate differential and γ denotes the exterior longi-
tudinal derivative. The Koszul-Tate differential is graded in terms of the
antighost number (agh, agh (δ) = −1) and enforces a resolution of the alge-
bra of smooth functions defined on the stationary surface of field equations
for action (2.1), C∞ (Σ), Σ : δS0/δΦ
α0 = 0. The exterior longitudinal deriva-
tive is graded in terms of the pure ghost number (pgh, pgh (γ) = 1) and
is correlated with the original gauge symmetry via its cohomology at pure
ghost number 0 computed in C∞ (Σ), which is isomorphic to the algebra of
physical observables for the free theory. These two degrees do not interfere
(agh (γ) = 0, pgh (δ) = 0). The pure ghost number and antighost number of
BRST generators (2.4)–(2.9) are valued as follows:
pgh (Φα0) = 0, pgh (ηα1) = 1, pgh (ηα2) = 2, pgh (ηα3) = 3, (2.11)
pgh
(
Φ∗α0
)
= pgh
(
η∗α1
)
= pgh
(
η∗α2
)
= pgh
(
η∗α3
)
= 0, (2.12)
agh (Φα0) = agh (ηα1) = agh (ηα2) = agh (ηα3) = 0, (2.13)
agh
(
Φ∗α0
)
= 1, agh
(
η∗α1
)
= 2, agh
(
η∗α2
)
= 3, agh
(
η∗α3
)
= 4, (2.14)
where the actions of δ and γ on them read as
δΦα0 = δηα1 = δηα2 = δηα3 = 0, (2.15)
δA∗µa = −∂νB
µν
a , δH
∗µ
a = −∂
µϕa, δϕ
∗a = ∂µHaµ, (2.16)
δB∗aµν = −
1
2
∂[µA
a
ν], δV
∗µν
A = −
1
2
F µνA , δV
∗µ
A = − (V
µ
A + ∂νV
µν
A ) , (2.17)
δη∗a = −∂µA
∗µ
a , δC
∗µν
a = ∂
[µH∗ν]a , δη
∗a
µνρ = ∂[µB
∗a
νρ], (2.18)
δC∗µA = ε
µνρλ∂νV
∗
Aρλ, δC
∗µνρ
a = −∂
[µC∗νρ]a , (2.19)
δη∗aµνρλ = −∂[µη
∗a
νρλ], δC
∗
A = ∂µC
∗µ
A , δC
∗µνρλ
a = ∂
[µC∗νρλ]a , (2.20)
γΦ∗α0 = γη
∗
α1
= γη∗α2 = γη
∗
α3
= 0, (2.21)
γAaµ = ∂µη
a, γHaµ = 2∂
νCaµν , γB
µν
a = −3∂ρη
µνρ
a , (2.22)
γϕa = 0 = γV
A
µ , γV
A
µν = εµνρλ∂
ρCAλ, γηa = 0, (2.23)
γCaµν = −3∂
ρCaµνρ, γη
µνρ
a = 4∂λη
µνρλ
a , γC
A
µ = ∂µC
A, (2.24)
γCaµνρ = 4∂
λCaµνρλ, γη
µνρλ
a = γC
A = 0, γCaµνρλ = 0. (2.25)
The overall degree of the BRST complex is named ghost number (gh) and
is defined like the difference between the pure ghost number and the antighost
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number, such that gh (δ) = gh (γ) = gh (s) = 1. The BRST symmetry
admits a canonical action s· =
(
·, S¯
)
in an antibracket structure (, ), where
its canonical generator is a bosonic functional of ghost number 0 (ε
(
S¯
)
= 0,
gh
(
S¯
)
= 0) that satisfies the classical master equation
(
S¯, S¯
)
= 0. In the
case of the free theory under discussion, the solution to the master equation
takes the form
S¯ = S0 +
∫
d4x
(
A∗µa ∂µη
a + 2H∗µa ∂
νCaµν − 3B
∗a
µν∂ρη
µνρ
a
+εµνρλV
∗Aµν∂ρCλA − 3C
∗µν
a ∂
ρCaµνρ + 4η
∗a
µνρ∂λη
µνρλ
a
+C∗Aµ ∂
µCA + 4C
∗µνρ
a ∂
λCaµνρλ
)
(2.26)
and contains pieces of antighost number ranging from 0 to 3.
3 Deformation of the solution to the master
equation: a brief review
We begin with a “free” gauge theory, described by a Lagrangian action
SL0 [Φ
α0 ], invariant under some gauge transformations δǫΦ
α0 = Zα0α1ǫ
α1 , i.e.
δSL0
δΦα0
Zα0α1 = 0, and consider the problem of constructing consistent interac-
tions among the fields Φα0 such that the couplings preserve both the field
spectrum and the original number of gauge symmetries. This matter is ad-
dressed by means of reformulating the problem of constructing consistent
interactions as a deformation problem of the solution to the master equation
corresponding to the “free” theory [20, 21]. Such a reformulation is possible
due to the fact that the solution to the master equation contains all the infor-
mation on the gauge structure of the theory. If an interacting gauge theory
can be consistently constructed, then the solution S¯ to the master equation(
S¯, S¯
)
= 0 associated with the “free” theory can be deformed into a solution
S
S¯ → S = S¯ + λS1 + λ
2S2 + · · · = S¯ + λ
∫
dDx a+ λ2
∫
dDx b+ · · · (3.1)
of the master equation for the deformed theory
(S, S) = 0, (3.2)
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such that both the ghost and antifield spectra of the initial theory are pre-
served. Equation (3.2) splits, according to the various orders in the coupling
constant (deformation parameter) λ, into a tower of equations:(
S¯, S¯
)
= 0, (3.3)
2
(
S1, S¯
)
= 0, (3.4)
2
(
S2, S¯
)
+ (S1, S1) = 0, (3.5)(
S3, S¯
)
+ (S1, S2) = 0, (3.6)
...
Equation (3.3) is fulfilled by hypothesis. The next equation requires that
the first-order deformation of the solution to the master equation, S1, is a co-
cycle of the “free” BRST differential, sS1 = 0. However, only cohomologically
nontrivial solutions to (3.4) should be taken into account, as the BRST-exact
ones can be eliminated by some (in general nonlinear) field redefinitions.
This means that S1 pertains to the ghost number 0 cohomological space of s,
H0 (s), which is generically nonempty because it is isomorphic to the space of
physical observables of the “free” theory. It has been shown (by the triviality
of the antibracket map in the cohomology of the BRST differential) that there
are no obstructions in finding solutions to the remaining equations, namely
(3.5), (3.6), etc. However, the resulting interactions may be nonlocal, and
obstructions might even appear if one insists on their locality. The analysis
of these obstructions can be carried out by means of standard cohomological
techniques.
4 Consistent interactions between a collec-
tion of topological BF models and a set of
Abelian two-forms
This section is devoted to the investigation of consistent interactions that
can be introduced between a collection of topological BF models and a set of
Abelian two-forms in four spacetime dimensions. This matter is addressed in
the context of the antifield-BRST deformation procedure briefly addressed
in the above and relies on computing the solutions to equations (3.4)–(3.6),
etc., with the help of the free BRST cohomology.
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4.1 Standard material: basic cohomologies
For obvious reasons, we consider only smooth, local, Lorentz covariant, and
Poincare´ invariant deformations (i.e., we do not allow explicit dependence
on the spacetime coordinates). Moreover, we require the preservation of the
number of derivatives on each field with respect to the free theory (derivative-
order assumption). The smoothness of the deformations refers to the fact
that the deformed solution to the master equation, (3.1), is smooth in the
coupling constant λ and reduces to the original solution, (2.26), in the free
limit (λ = 0). The preservation of the number of derivatives on each field
with respect to the free theory means here that the following two require-
ments must be simultaneously satisfied: (i) the derivative order of the equa-
tions of motion on each field is the same for the free and for the interacting
theory, respectively; (ii) the maximum number of derivatives allowed within
the interaction vertices is equal to 2, i.e. the maximum number of deriva-
tives from the free Lagrangian. If we make the notation S1 =
∫
d4x a, with
a a local function, then equation (3.4), which we have seen that controls the
first-order deformation, takes the local form
sa = ∂µm
µ, gh (a) = 0, ε (a) = 0, (4.1)
for some local mµ. It shows that the nonintegrated density of the first-
order deformation pertains to the local cohomology of s in ghost number
0, a ∈ H0 (s|d), where d denotes the exterior spacetime differential. The
solution to (4.1) is unique up to s-exact pieces plus divergences
a→ a+ sb+ ∂µn
µ, gh (b) = −1, ε (b) = 1, gh (nµ) = 0, ε (nµ) = 0. (4.2)
At the same time, if the general solution to (4.1) is found to be completely
trivial, a = sb+ ∂µn
µ, then it can be made to vanish a = 0.
In order to analyze equation (4.1) we develop a according to the antighost
number
a =
I∑
i=0
ai, agh (ai) = i, gh (ai) = 0, ε (ai) = 0, (4.3)
and assume, without loss of generality, that the above decomposition stops at
some finite value of I. This can be shown, for instance, like in [59] (Section 3),
under the sole assumption that the interacting Lagrangian at the first order
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in the coupling constant, a0, has a finite, but otherwise arbitrary derivative
order. Inserting decomposition (4.3) into equation (4.1) and projecting it on
the various values of the antighost number, we obtain the tower of equations
γaI = ∂µ
(I)
m
µ
, (4.4)
δaI + γaI−1 = ∂µ
(I−1)
m
µ
, (4.5)
δai + γai−1 = ∂µ
(i−1)
m
µ
, 1 ≤ i ≤ I − 1, (4.6)
where
(
(i)
m
µ
)
i=0,I
are some local currents with agh
(
(i)
m
µ
)
= i. Equation
(4.4) can be replaced in strictly positive values of the antighost number by
γaI = 0, I > 0. (4.7)
Due to the second-order nilpotency of γ (γ2 = 0), the solution to (4.7) is
clearly unique up to γ-exact contributions
aI → aI + γbI , agh (bI) = I, pgh (bI) = I − 1, ε (bI) = 1. (4.8)
Meanwhile, if it turns out that aI exclusively reduces to γ-exact terms, aI =
γbI , then it can be made to vanish, aI = 0. In other words, the nontriviality
of the first-order deformation a is translated at its highest antighost number
component into the requirement that aI ∈ H
I (γ), where HI (γ) denotes the
cohomology of the exterior longitudinal derivative γ in pure ghost number
equal to I. So, in order to solve equation (4.1) (equivalent with (4.7) and
(4.5)–(4.6)), we need to compute the cohomology of γ, H (γ), and, as it will
be made clear below, also the local homology of δ, H (δ|d).
On behalf of definitions (2.21)–(2.25) it is simple to see that H (γ) is
spanned by
FA¯ =
(
ϕa, ∂[µA
a
ν], ∂
µHaµ, ∂µB
µν
a , V
A
µ , F˜
A
µνρ
)
, (4.9)
the antifields
χ∗∆ =
(
Φ∗α0 , η
∗
α1
, η∗α2 , η
∗
α3
)
, (4.10)
all of their spacetime derivatives as well as by the undifferentiated ghosts
ηΥ¯ =
(
ηa, CA, ηµνρλa , C
a
µνρλ
)
. (4.11)
In formula (4.9) we used the notation
F˜Aµνρ = ∂[µV˜
A
νρ], V˜
A
µν ≡
1
2
εµνρλV
Aρλ. (4.12)
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(The derivatives of the ghosts ηΥ¯ are removed from H (γ) since they are γ-
exact, in agreement with the first relation from (2.22), the last formula in
(2.24), the second equation in (2.24), and the first definition from (2.25).)
If we denote by eM
(
ηΥ¯
)
the elements with pure ghost number M of a basis
in the space of the polynomials in the ghosts (4.11), then it follows that the
general solution to equation (4.7) takes the form
aI = αI ([FA¯] , [χ
∗
∆]) e
I
(
ηΥ¯
)
, (4.13)
where agh (αI) = I and pgh
(
eI
)
= I. The notation f([q]) means that f
depends on q and its spacetime derivatives up to a finite order. The objects
αI (obviously nontrivial in H
0 (γ)) will be called “invariant polynomials”.
The result that we can replace equation (4.4) with the less obvious one (4.7)
is a nice consequence of the fact that the cohomology of the exterior spacetime
differential is trivial in the space of invariant polynomials in strictly positive
antighost numbers.
Inserting (4.13) in (4.5) we obtain that a necessary (but not sufficient)
condition for the existence of (nontrivial) solutions aI−1 is that the invariant
polynomials αI are (nontrivial) objects from the local cohomology of Koszul-
Tate differential H (δ|d) in antighost number I > 0 and in pure ghost number
0,
δαI = ∂µ
(I−1)
j
µ
, agh
(
(I−1)
j
µ)
= I − 1, pgh
(
(I−1)
j
µ)
= 0. (4.14)
We recall that the local cohomology H (δ|d) is completely trivial in both
strictly positive antighost and pure ghost numbers (for instance, see [60],
Theorem 5.4, and [61] ), so from now on it is understood that by H (δ|d)
we mean the local cohomology of δ at pure ghost number 0. Using the fact
that the free BF model under study is a linear gauge theory of Cauchy order
equal to 4 and the general result from [60, 61], according to which the local
cohomology of the Koszul-Tate differential is trivial in antighost numbers
strictly greater than its Cauchy order, we can state that
HJ (δ|d) = 0 for all J > 4, (4.15)
where HJ (δ|d) represents the local cohomology of the Koszul-Tate differen-
tial in antighost number J . Moreover, if the invariant polynomial αJ , with
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agh(αJ) = J ≥ 4, is trivial in HJ (δ|d), then it can be taken to be trivial also
in H invJ (δ|d)(
αJ = δbJ+1 + ∂µ
(J)
c
µ
, agh (αJ) = J ≥ 4
)
⇒ αJ = δβJ+1 + ∂µ
(J)
γ
µ
, (4.16)
with both βJ+1 and
(J)
γ
µ
invariant polynomials. Here, H invJ (δ|d) denotes the
invariant characteristic cohomology in antighost number J (the local coho-
mology of the Koszul-Tate differential in the space of invariant polynomials).
(An element of H invI (δ|d) is defined via an equation like (4.14), but with
the corresponding current an invariant polynomial.). This result together
with (4.15) ensures that the entire invariant characteristic cohomology in
antighost numbers strictly greater than 4 is trivial
H invJ (δ|d) = 0 for all J > 4. (4.17)
The nontrivial representatives of HJ(δ|d) and of H
inv
J (δ|d) for J ≥ 2 de-
pend neither on
(
∂[µA
a
ν], ∂
µHaµ, ∂µB
µν
a , F˜
A
µνρ
)
nor on the spacetime derivatives
of FA¯ defined in (4.9), but only on the undifferentiated scalar fields and aux-
iliary vector fields from the two-form sector,
(
ϕa, V
A
µ
)
. With the help of
relations (2.15)–(2.20), it can be shown that H inv4 (δ|d) is generated by the
elements
(PΛ (W ))
µνρλ =
∂WΛ
∂ϕa
C∗µνρλa +
∂2WΛ
∂ϕa∂ϕb
(
H∗[µa C
∗νρλ]
b + C
∗[µν
a C
∗ρλ]
b
)
+
∂3WΛ
∂ϕa∂ϕb∂ϕc
H∗[µa H
∗ν
b C
∗ρλ]
c
+
∂4WΛ
∂ϕa∂ϕb∂ϕc∂ϕd
H∗µa H
∗ν
b H
∗ρ
c H
∗λ
d , (4.18)
where WΛ = WΛ (ϕa) are arbitrary, smooth functions depending only on
the undifferentiated scalar fields ϕa and Λ is some multi-index (composed of
internal and/or Lorentz indices). Indeed, direct computation yields
δ (PΛ (W ))
µνρλ = ∂[µ (PΛ (W ))
νρλ] , agh
(
(PΛ (W ))
νρλ
)
= 3, (4.19)
where we made the notation
(PΛ (W ))
µνρ =
∂WΛ
∂ϕa
C∗µνρa +
∂2WΛ
∂ϕa∂ϕb
H∗[µa C
∗νρ]
b
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+
∂3WΛ
∂ϕa∂ϕb∂ϕc
H∗µa H
∗ν
b H
∗ρ
c . (4.20)
It is clear that (PΛ (W ))
µνρ is an invariant polynomial. By applying the
operator δ on it, we have that
δ (PΛ (W ))
µνρ = −∂[µ (PΛ (W ))
νρ] , agh ((PΛ (W ))
νρ) = 2, (4.21)
where we employed the convention
(PΛ (W ))
µν =
∂WΛ
∂ϕa
C∗µνa +
∂2WΛ
∂ϕa∂ϕb
H∗µa H
∗ν
b . (4.22)
Since (PΛ (W ))
µν is also an invariant polynomial, from (4.21) it follows that
(PΛ (W ))
µνρ belongs to H inv3 (δ|d). Moreover, further calculations produce
δ (PΛ (W ))
µν = ∂[µ (PΛ (W ))
ν] , agh ((PΛ (W ))
ν) = 1, (4.23)
with
(PΛ (W ))
µ =
∂WΛ
∂ϕa
H∗µa . (4.24)
Due to the fact that (PΛ (W ))
µ is an invariant polynomial, we deduce that
(PΛ (W ))
µν pertains to H inv2 (δ|d). Using again the actions of δ on the BRST
generators, it can be proved that H inv3 (δ|d) is spanned, beside the elements
(PΛ (W ))
µνρ given in (4.20), also by the objects
QΛ (f) = f
A
ΛC
∗
A −
(
PAΛ (f)
)µ
C∗Aµ −
1
2
εµνρλ
(
1
3
(
PAΛ (f)
)µνρ
V λA
+
(
PAΛ (f)
)µν
V ∗ρλA
)
(4.25)
and by the undifferentiated antifields η∗aµνρλ (according to the first definition
from (2.20)). In formula (4.25) fAΛ = f
A
Λ (ϕa) are some arbitrary, smooth
functions of the undifferentiated scalar fields ϕa carrying at least an internal
index A from the two-form sector and possibly a supplementary multi-index
Λ. The factors
(
PAΛ (f)
)µ
,
(
PAΛ (f)
)µν
, and
(
PAΛ (f)
)µνρ
read as in (4.24),
(4.22), and (4.20), respectively, withWΛ (ϕa)→ f
A
Λ (ϕa). Concerning QΛ (f),
we have that
δQΛ (f) = ∂µ (QΛ (f))
µ , agh ((QΛ (f))
µ) = 2, (4.26)
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where we employed the notation
(QΛ (f))
µ = fAΛC
∗µ
A + ε
µνρλ
((
PAΛ (f)
)
ν
V ∗Aρλ +
1
2
(
PAΛ (f)
)
νρ
VAλ
)
. (4.27)
With the help of definitions (2.15)–(2.20) it can be checked that
δ (QΛ (f))
µ = ∂ν (QΛ (f))
µν , agh ((QΛ (f))
µν) = 1, (4.28)
where we made the notation
(QΛ (f))
µν = εµνρλ
(
fAΛ V
∗
Aρλ +
(
PAΛ (f)
)
ρ
VAλ
)
. (4.29)
Direct computation shows that the objects
RΛ (g) = g
AB
Λ
(
C∗µA VBµ +
1
2
εµνρλV
∗µν
A V
∗ρλ
B
)
−εµνρλ
((
PABΛ (g)
)µ
V ∗νρA +
1
4
(
PABΛ (g)
)µν
V ρA
)
V λB (4.30)
satisfy
δRΛ (g) = ∂
µ (RΛ (g))µ , agh
(
(RΛ (g))µ
)
= 1, (4.31)
with
(RΛ (g))µ = −εµνρλ
(
gABΛ V
∗νρ
A +
1
2
(
PABΛ (g)
)ν
V ρA
)
V λB . (4.32)
In formulas (4.30) and (4.32) gABΛ = g
AB
Λ (ϕa) stand for some smooth func-
tions of the undifferentiated scalar fields that in addition are antisymmetric
with respect to A and B
gABΛ = −g
BA
Λ . (4.33)
Looking at their expressions, it is easy to see that all the quantities denoted
by Qs or Rs are invariant polynomials. Putting together the above results we
can state that H inv2 (δ|d) is spanned by (PΛ (W ))
µν listed in (4.22), (QΛ (f))
µ
expressed by (4.27), RΛ (g) given in (4.30), and the undifferentiated antifields
η∗aµνρ and η
∗
a (in agreement with the last formula from (2.18) and the first
definition in (2.18)).
In contrast to the spaces (HJ(δ|d))J≥2 and
(
H invJ (δ|d)
)
J≥2
, which are
finite-dimensional, the cohomology H1(δ|d) (known to be related to global
symmetries and ordinary conservation laws) is infinite-dimensional since the
theory is free. Fortunately, it will not be needed in the sequel.
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The previous results on H(δ|d) and H inv(δ|d) in strictly positive antighost
numbers are important because they control the obstructions to removing
the antifields from the first-order deformation. More precisely, we can suc-
cessively eliminate all the pieces of antighost number strictly greater that
4 from the nonintegrated density of the first-order deformation by adding
solely trivial terms, so we can take, without loss of nontrivial objects, the
condition I ≤ 4 into (4.3). In addition, the last representative is of the form
(4.13), where the invariant polynomial is necessarily a nontrivial object from
H inv4 (δ|d).
4.2 First-order deformation
In the case I = 4 the nonintegrated density of the first-order deformation
(see (4.3)) becomes
a = a0 + a1 + a2 + a3 + a4. (4.34)
We can further decompose a in a natural manner as a sum between two kinds
of deformations
a = a(BF) + a(int), (4.35)
where a(BF) contains only fields/ghosts/antifields from the BF sector and a(int)
describes the cross-interactions between the two theories. Strictly speaking,
we should have added to (4.35) also a component a(V) that involves only the
two-form field sector. As it will be seen at the end of this subsection, a(V) will
be automatically included into a(int). The piece a(BF) is completely known
(see [50, 53, 52]) and (separately) satisfies an equation of the type (4.1). It
admits a decomposition similar to (4.34)
a(BF) = a
(BF)
0 + a
(BF)
1 + a
(BF)
2 + a
(BF)
3 + a
(BF)
4 , (4.36)
where
a
(BF)
4 = (Pab (W ))
µνρλ ηaCbµνρλ −
1
4
(P cab (M))µνρλ η
aηbηµνρλc
+1
2
εµνρλ
((
P ab (M)
)µνρλ
ηaαβγδη
αβγδ
b
− 1
2·(4!)2
(Pabcd (M))
µνρλ ηaηbηcηd
)
, (4.37)
a
(BF)
3 = (Pab (W ))
µνρ
(
−ηaCbµνρ + 4A
aλCbµνρλ
)
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+2
(
6 (Pab (W ))
µν B∗aρλ + 4 (Pab (W ))
µ η∗aνρλ +Wabη
∗aµνρλ
)
Cbµνρλ
+1
2
(P cab (M))µνρ
(
1
2
ηaηbηµνρc − 4A
a
λη
bηµνρλc
)
−
(
6 (P cab (M))µν B
∗a
ρλ + 4 (P
c
ab (M))µ η
∗a
νρλ +M
c
abη
∗a
µνρλ
)
ηbηµνρλc
−εµνρλ
(
P ab (M)
)
αβγ
ηαβγa η
µνρλ
b −
1
3!·4!
εµνρλ
(
(Pabcd (M))µνρA
a
λ
+3 (Pabcd (M))µν B
∗a
ρλ + 2 (Pabcd (M))µ η
∗a
νρλ
+Mabcdη
∗a
µνρλ
)
ηbηcηd, (4.38)
a
(BF)
2 = (Pab (W ))
µν
(
ηaCbµν − 3A
aρCbµνρ
)
− 2 (3 (Pab (W ))
µB∗aνρ
+Wabη
∗aµνρ)Cbµνρ −
1
2
(P cab (M))
µν
(
1
2
ηaηbBcµν − 3A
aρηbηcµνρ
)
+
(
3 (P cab (M))µB
∗a
νρ +M
c
abη
∗a
µνρ
)
ηbηµνρc +
1
2
(
− (P cab (M))µA
∗µ
c
+M cabη
∗
c ) η
aηb +
(
3 (P cab (M))µν A
a
ρ + 12 (P
c
ab (M))µB
∗a
νρ
+4M cabη
∗a
µνρ
)
Abλη
µνρλ
c +
9
2
εµνρλ
(
P ab (M)
)
µν
ηaραβη
αβ
bλ
−6M cabB
∗a
µνB
∗b
ρλη
µνρλ
c +
1
4·4!
εµνρλ
(
3 (Pabcd (M))µν A
a
ρA
b
λ
+12 (Pabcd (M))µB
∗a
νρA
b
λ + 4Mabcdη
∗a
µνρA
b
λ − 6MabcdB
∗a
µνB
∗b
ρλ
)
ηcηd
+εµνρλ
(
2
(
P ab (M)
)
α
A∗αa − 2M
abη∗a
+
(
P ab (M)
)
αβ
Bαβa
)
ηµνρλb , (4.39)
a
(BF)
1 = (Pab (W ))
µ
(
−ηaHbµ + 2A
aνCbµν
)
+Wab
(
2B∗aµνC
bµν − ϕ∗aηb
)
− (P cab (M))µA
a
ν
(
ηbBµνc +
3
2
Abρη
µνρ
c
)
−M cab
(
B∗aµνη
bBµνc
+Aaµη
bA∗µc + 3B
∗a
µνA
b
ρη
µνρ
c
)
+2ενρσλ
((
P ab (M)
)
µ
Bµνa −M
abA∗νa
)
ηρσλb
+ 1
4!
εµνρλ
(
(Pabcd (M))µA
a
ν + 3MabcdB
∗a
µν
)
AbρA
c
λη
d, (4.40)
a
(BF)
0 = −WabA
aµHbµ +
1
2
M cabA
a
µA
b
νB
µν
c
+1
2
εµνρλ
(
MabBaµνBbρλ −
1
2·4!
MabcdA
a
µA
b
νA
c
ρA
d
λ
)
. (4.41)
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In (4.37)–(4.41) the quantities denoted by (Pab (W ))
µ1...µk , (P cab (M))
µ1...µk ,(
P ab (M)
)µ1...µk , and (Pabcd (M))µ1...µk read as in (4.18), (4.20), (4.22), and
(4.24) for k = 4, k = 3, k = 2, and k = 1, respectively, modulo the succes-
sive replacement of WΛ (ϕa) with the functions Wab, M
c
ab, M
ab, and Mabcd,
respectively. The last four kinds of functions depend only on the undifferen-
tiated scalar fields and satisfy various symmetry/antisymmetry properties:
M cab are antisymmetric in their lower indices, M
ab are symmetric, and Mabcd
are completely antisymmetric.
Due to the fact that a(BF) and a(int) involve different types of fields and
a(BF) separately satisfies an equation of the type (4.1), it follows that a(int) is
subject to the equation
sa(int) = ∂µm
(int)µ, (4.42)
for some local current m(int)µ. In the sequel we determine the general solution
to (4.42) that complies with all the hypotheses mentioned in the beginning
of the previous subsection.
In agreement with (4.34), the solution to the equation sa(int) = ∂µm
(int)µ
can be decomposed as
a(int) = a
(int)
0 + a
(int)
1 + a
(int)
2 + a
(int)
3 + a
(int)
4 , (4.43)
where the components on the right-hand side of (4.43) are subject to the
equations
γa
(int)
4 = 0, (4.44)
δa
(int)
k + γa
(int)
k−1 = ∂µ
(k−1)
m
(int)µ
, k = 1, 4. (4.45)
The piece a
(int)
4 as solution to equation (4.44) has the general form expressed
by (4.13) for I = 4, with α4 from H
inv
4 (δ|d) and e
4 spanned by(
ηaηbηcηd, ηaηbηµνρλc , η
aCbµνρλ, η
µνρλ
a η
αβγδ
b , η
aηbCA, CACB, CAηµνρλa
)
. (4.46)
Taking into account the result that the general representative of H inv4 (δ|d)
is given by (4.18) and recalling that a
(int)
4 should mix the BF and the two-
form sectors (in order to provide cross-couplings), it follows that the eligible
representatives of e4 from (4.46) allowed to enter a
(int)
4 are those elements
containing at least one ghost of the type CA. Therefore, up to trivial, γ-
exact terms, we can write
a
(int)
4 =
1
2·4!
εµνρλ
(
(PabA (N))
µνρλ ηaηbCA + (PAB (N))
µνρλCACB
)
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+ (P aA (N))µνρλ C
Aηµνρλa , (4.47)
where the objects denoted by (PabA (N))
µνρλ, (PAB (N))
µνρλ, and respec-
tively (P aA (N))µνρλ are expressed as in (4.18), being generated by the ar-
bitrary, smooth functions of the undifferentiated scalar fields NabA (ϕm),
NAB (ϕm), and N
a
A (ϕm), respectively. In addition, the functions NabA (ϕm)
and NAB (ϕm) satisfy the symmetry/antisymmetry properties
NabA (ϕm) = −NbaA (ϕm) , NAB (ϕm) = NBA (ϕm) . (4.48)
Inserting (4.47) into equation (4.45) for k = 4 and using definitions
(2.15)–(2.25), after some computation we obtain the interacting piece of
antighost number 3 from the first-order deformation in the form
a
(int)
3 = − (P
a
A (N))µνρ
(
CAηµνρa + 4C
A
λ η
µνρλ
a
)
− 1
3!
εµνρλ
[
(PabA (N))µνρ η
a
(
AbλC
A + 1
2
ηbCAλ
)
+ (PAB (N))µνρC
ACBλ −
(
3 (PabA (N))µν B
∗a
ρλ
+2 (PabA (N))µ η
∗a
νρλ +
1
2
NabAη
∗a
µνρλ
)
ηbCA
]
+QaA (f) η
aCA + 1
3!
Qabc (f) η
aηbηc
+ 1
4!
εαβγδ
(
Qab (f) η
bηαβγδa +Qa (f)C
aαβγδ
)
. (4.49)
(Solution (4.49) embeds also the general solution to the homogeneous equa-
tion γa¯
(int)
3 = 0.) The elements denoted by QaA (f), Qabc (f), Q
a
b (f), and
Qa (f) are generated via formula (4.25) by the smooth functions (of the un-
differentiated scalar fields) fAaB , f
A
abc, f
Aa
b , and f
A
a , respectively. In addition,
the functions fAabc are completely antisymmetric in their BF collection indices.
The interacting component of antighost number 2 results as solution to
equation (4.45) for k = 3 by relying on formula (4.49) and definitions (2.15)–
(2.25), and takes the form
a
′(int)
2 = −
1
2
(PAB (N))
µν
(
CAV Bµν −
1
2
εµνρλC
AρCBλ
)
−1
4
(PabA (N))
µν
[
ηaηbV Aµν + εµνρλ
(
2AaρηbCAλ + AaρAbλCA
)]
+ (P aA (N))µν
(
CABµνa + 3C
A
ρ η
µνρ
a +
1
2
εαβγδV
Aµνηαβγδa
)
−εµνρλ
(
(PabA (N))µB
∗a
νρ +
1
3
NabAη
∗a
µνρ
) (
AbλC
A + ηbCAλ
)
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+ 1
4!
εµνρλ (Qa (f))µC
a
νρλ − (QaA (f))µ
(
AaµCA + ηaCAµ
)
− 1
4!
(Qab (f))
µ
(
εαβγδA
b
µη
αβγδ
a − εµαβγη
bηαβγa
)
−1
2
(Qabc (f))
µAaµη
bηc. (4.50)
Using definitions (2.15)–(2.25), we obtain
δa
′(int)
2 = δc2 + γe1 + ∂µj
µ
1 + h1, (4.51)
where
c2 =
(
(PAB (N))
µCA + 1
2
(PabB (N))
µ ηaηb
−εαβγδ (P
a
B (N))
µ ηαβγδa
)
V ∗Bµ + 2
(
NaAη
∗
a − (P
a
A (N))µA
∗µ
a
)
CA
+
(
(QaA (f))
µν CA + 1
2
(Qabc (f))
µν ηbηc
)
B∗aµν
+1
3
εµνρλη∗aµνρVBλ
(
fBaAC
A + 1
2
fBabcη
bηc
)
−1
2
εµνρλNabAB
∗a
µνB
∗b
ρλC
A + 1
4!
εαβγδ (Q
a
b (f))
µν B∗bµνη
αβγδ
a
−1
3
fBab η
∗b
µνρVBλη
µνρλ
a , (4.52)
e1 = A
a
µη
b
(
(PabB (N))ν V
Bµν +NabBV
∗Bµ
)
+ 2 (P aA (N))µC
A
ν B
µν
a
−εµαβγη
αβγ
a
(
(P aA (N))ν V
Aµν +NaBV
∗Bµ
)
− 2NaAA
∗µ
a C
A
µ
+NabAB
∗a
µνη
bV Aµν − εµνρλ
(
1
2
(PabA (N))µA
a
ν +NabAB
∗a
µν
)
AbρC
A
λ
−CAµ
(
(PAB (N))ν V
Bµν +NABV
∗Bµ
)
− εµνρλfBaAB
∗a
µνVBρC
A
λ
+ (QaA (f))
µν
(
AaµC
A
ν +
1
4
εµνρλη
aV Aρλ
)
− 1
2
(Qabc (f))
µν AaµA
b
νη
c
+εµνρλfBabcB
∗a
µνVBρA
b
λη
c + 1
2·4!
εµνρλ (Qa (f))µν C
a
ρλ
+ 1
4!
(Qab (f))
µν
(
1
2
εµνρλη
bBρλa − εναβγA
b
µη
αβγ
a
)
+1
4
fBab B
∗b
µνVBρη
µνρ
a , (4.53)
jµ1 = −
(
NABC
A + 1
2
NabBη
aηb − εαβγδN
a
Bη
αβγδ
a
)
V ∗Bµ + 2 (NaAA
∗µ
a
+ (P aA (N))ν B
µν
a )C
A + (P aA (N))ν
(
6CAρ η
µνρ
a + εαβγδV
Aµνηαβγδa
)
− (PAB (N))ν
(
CAV Bµν − 1
2
εµνρλCAρ C
B
λ
)
−εµνρλNabAB
∗a
νρ
(
ηbCAλ + A
b
λC
A
)
− 1
2
(PabA (N))ν η
aηbV Aµν
−εµνρλ (PabA (N))ν A
a
ρ
(
ηbCAλ +
1
2
AbλC
A
)
+ fBab B
∗b
νρVBλη
µνρλ
a
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+ (QaA (f))
µν
(
AaνC
A + ηaCAν
)
+ 1
2
(Qabc (f))
µν Aaνη
bηc
−εµνρλB∗aνρVBλ
(
fBaAC
A + 1
2
fBabcη
bηc
)
− 1
4!
εναβγ (Qa (f))
µν Caαβγ
+ 1
4!
(Qab (f))
µν
(
εαβγδA
b
νη
αβγδ
a − εναβγη
bηαβγa
)
, (4.54)
h1 =
(
(PAB (N))
µCA + 1
2
(PabB (N))
µ ηaηb − εαβγδ (P
a
B (N))
µ ηαβγδa
)
V Bµ
+
(
NABC
A + 1
2
NabBη
aηb − εαβγδN
a
Bη
αβγδ
a
)
∂µV ∗Bµ . (4.55)
If we make the notation
a
(int)
2 ≡ a
′(int)
2 − c2, (4.56)
then (4.51) is equivalent with the equation
δa
(int)
2 = γe1 + ∂µj
µ
1 + h1. (4.57)
Comparing (4.57) with equation (4.45) for k = 2, we obtain that a necessary
condition for the existence of a local a
(int)
1 is
h1 = δg2 + γf1 + ∂µl
µ
1 , (4.58)
with g2, f1, and l
µ
1 local functions. We show that equation (4.58) cannot hold
(locally) unless h1 = 0. Indeed, assuming (4.58) is satisfied, we act with δ
on it and use its nilpotency and anticommutation with γ, which yields the
necessary condition
δh1 = γ(−δf1) + ∂µ (δl
µ
1 ) . (4.59)
On the other hand, direct computation provides
δh1 = γ
[(
NABC
A
µ −NabBA
a
µη
b + εµαβγN
a
Bη
αβγ
a
)
V Bµ
]
+∂µ
[
−
(
NABC
A + 1
2
NabBη
aηb − εαβγδN
a
Bη
αβγδ
a
)
V Bµ
]
. (4.60)
Juxtaposing (4.59) and (4.60) and looking at definitions (2.15)–(2.25), it fol-
lows that V Bµ must necessarily be δ-exact modulo d in the space of local
functions. Since this is obviously not true, we find that (4.59) cannot be sat-
isfied and consequently neither does equation (4.58). Thus, the consistency
of a
(int)
2 leads to the equation
h1 = 0, (4.61)
which further implies that the functions NabA, NAB, and N
a
A must vanish
NabA = NAB = N
a
A = 0. (4.62)
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Based on (4.62), from (4.47), (4.49), (4.50), (4.52), (4.53), (4.56), and (4.57)
we get the components of antighost number 4, 3, and 2 from the noninte-
grated density of the first-order deformation as
a
(int)
4 = 0, (4.63)
a
(int)
3 = QaA (f) η
aCA + 1
3!
Qabc (f) η
aηbηc
+ 1
4!
εαβγδ
(
Qab (f) η
bηαβγδa +Qa (f)C
aαβγδ
)
, (4.64)
a
(int)
2 =
1
4!
εµνρλ (Qa (f))µC
a
νρλ − (QaA (f))
µ
(
AaµC
A + ηaCAµ
)
−1
2
(Qabc (f))
µAaµη
bηc − 1
4!
(Qab (f))
µ
(
εαβγδA
b
µη
αβγδ
a
−εµαβγη
bηαβγa
)
−
(
(QaA (f))
µν CA + 1
2
(Qabc (f))
µν ηbηc
)
B∗aµν
−1
3
εµνρλη∗aµνρVBλ
(
fBaAC
A + 1
2
fBabcη
bηc
)
+ 1
3
fBab η
∗b
µνρVBλη
µνρλ
a
− 1
4!
εαβγδ (Q
a
b (f))
µν B∗bµνη
αβγδ
a +
1
2
Rab (g) η
aηb
+RA (g)C
A + 1
4!
εµνρλR
a (g) ηµνρλa . (4.65)
The objects Rab (g), RA (g), and R
a (g) are generated by formula (4.30) via
the smooth functions of the undifferentiated scalar fields gABab , g
AB
C , and
gaAB, respectively. All these functions are antisymmetric in A and B and in
addition gABab are antisymmetric also in their (lower) BF collection indices.
Replacing now expression (4.65) into equation (4.45) for k = 2, we ob-
tain that the interacting piece of antighost number 1 from the first-order
deformation is written as
a
′(int)
1 = −
1
2·4!
εµνρλ (Qa (f))µν C
a
ρλ − (QaA (f))
µν
(
AaµC
A
ν
+1
4
εµνρλη
aV Aρλ
)
+ 1
4!
(Qab (f))
µν
(
εναβγA
b
µη
αβγ
a −
1
2
εµναβη
bBαβa
)
+ (RA (g))
µ CAµ − (Rab (g))
µAaµη
b − 1
4!
εµνρλ (R
a (g))µ ηνρλa
+εµνρλB∗aµνVBρ
(
fBaAC
A
λ − f
B
abcA
b
λη
c − 1
4!
ελαβγf
Bb
a η
αβγ
b
)
+1
2
(Qabc (f))
µν AaµA
b
νη
c. (4.66)
Using definitions (2.15)–(2.25), by direct computation we obtain that
δa
′(int)
1 = δc1 + γe0 + ∂µj
µ
0 + h0, (4.67)
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with
c1 = −η
aVBµ
(
fBaAV
∗Aµ + 1
12
fBba A
∗µ
b +
1
2
εµνρλgABab VAνB
∗b
ρλ
)
, (4.68)
e0 = −
1
2
εµνρλVAµ
(
−1
3
fAabcA
c
ν +
1
2
gABab VBν
)
AaρA
b
λ
+ 1
4!
fAa V
µ
AH
a
µ − A
a
µVAν
(
fAaBV
Bµν + 1
12
fAbaB
µν
b
)
−1
2
(
gABCV
C
µν +
1
12
gaABBaµν
)
V µAV
ν
B , (4.69)
jµ0 = VAν
(
1
12
fAa C
aµν + fAaBη
aV Bµν
)
+ 1
4
fAab VAν
(
Abρη
µνρ
a
+1
3
ηbBµνa
)
− 1
8
gaABVAνVBρη
µνρ
a − ε
µνρλ
[
fAaBA
a
νVAλC
B
ρ
−1
2
fAabcA
a
νA
b
ρη
cVAλ −
1
2
VAνVBρ
(
gABCC
C
λ − g
AB
ab A
a
λη
b
)]
, (4.70)
h0 = −f
A
aBη
aV µAV
B
µ . (4.71)
At this stage we act like between formulas (4.56) and (4.62). If we make the
notation
a
(int)
1 = a
′(int)
1 − c1, (4.72)
then (4.67) becomes
δa
(int)
1 = γe0 + ∂µj
µ
0 + h0, (4.73)
which, compared with equation (4.45) for k = 1, reveals that the existence
of a
(int)
0 demands
h0 = δg1 + γf0 + ∂µl
µ
0 , (4.74)
with g1, f0, and l
µ
0 some local elements. Using (4.71) and definitions (2.15)–
(2.25), straightforward calculation shows that (4.74) cannot be valid, and
hence the consistency of a
(int)
1 leads to the equation
h0 = 0, (4.75)
which requires the antisymmetry of the functions faAB (≡ kAMf
M
aB) with
respect to their collection indices from the two-form sector
faAB = −faBA. (4.76)
With the help of (4.66), (4.68), (4.69), (4.72), (4.73), and (4.76) we com-
pletely determine a
(int)
1 and then a
(int)
0 as solution to (4.45) for k = 1 in the
form
a
(int)
1 = −
1
2·4!
εµνρλ (Qa (f))µν C
a
ρλ − (QaA (f))
µν
(
AaµC
A
ν
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+1
4
εµνρλη
aV Aρλ
)
+ 1
4!
(Qab (f))
µν
(
εναβγA
b
µη
αβγ
a −
1
2
εµναβη
bBαβa
)
+ (RA (g))
µCAµ − (Rab (g))
µAaµη
b − 1
4!
εµνρλ (R
a (g))µ ηνρλa
+εµνρλB∗aµνVBρ
(
fBaAC
A
λ − f
B
abcA
b
λη
c − 1
4!
ελαβγf
Bb
a η
αβγ
b
)
+1
2
(Qabc (f))
µν AaµA
b
νη
c + ηaVBµ
(
fBaAV
∗Aµ + 1
12
fBba A
∗µ
b
+1
2
εµνρλgABab VAνB
∗b
ρλ
)
, (4.77)
a
(int)
0 =
1
2
εµνρλVAµ
(
−1
3
fAabcA
c
ν +
1
2
gABab VBν
)
AaρA
b
λ
− 1
4!
fAa V
µ
AH
a
µ + f
A
aBA
a
µVAνV
Bµν + 1
12
fAbaA
a
µVAνB
µν
b
+1
2
(
gABCV
C
µν +
1
12
gaABBaµν
)
V µAV
ν
B . (4.78)
Thus, we can write the final form of the interacting part from the first-
order deformation of the solution to the master equation for a collection of
BF models and a set of two-form gauge fields as
S
(int)
1 ≡
∫
d4x a(int) =
∫
d4x
(
a
(int)
3 + a
(int)
2 + a
(int)
1 + a
(int)
0
)
, (4.79)
where the 4 components from (4.79) read as in formulas (4.64)–(4.65) and
(4.77)–(4.78), respectively. The previous first-order deformation is parame-
terized by 7 functions, fAabc, g
AB
ab , f
A
a , f
A
aB, f
Ab
a , g
AB
C , and g
aAB, which depend
smoothly on the undifferentiated scalar fields ϕd and are antisymmetric as
follows: fAabc in the indices {a, b, c}, g
AB
ab with respect to {A,B} and {a, b},
and faAB ≡ kAMf
M
aB together with g
AB
C and g
aAB in {A,B}. It is easy
to see that (4.79) also includes the general solution that describes the self-
interactions among the two-form gauge fields. Indeed, if we isolate from S
(int)
1
the part containing the functions gABC , represent these functions as some se-
ries in the undifferentiated scalar fields, gABC (ϕa) = k
AB
C + k
ABa
Cϕa + · · · ,
where kABC and k
ABa
C are some real constants, antisymmetric in their upper,
capital indices, and retain only the terms including kABC , then we obtain
S
(int)
1 (k) ≡
∫
d4x a(V) =
∫
d4x
(
a
(V)
2 + a
(V)
1 + a
(V)
0
)
= kABC
∫
d4x
[(
C∗µA VBµ +
1
2
εµνρλV
∗µν
A V
∗ρλ
B
)
CC
+εµνρλV
∗µν
A V
ρ
BC
Cλ + 1
2
V CµνV
µ
AV
ν
B
]
, (4.80)
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which has been shown in [62] to be the most general form of the first-order
deformation for a set of two-form gauge fields in four spacetime dimensions
with the Lagrangian action written in first-order form. In conclusion, the
overall first-order deformation of the solution to the master equation for the
model under study is expressed like the sum between (4.79) and the piece
responsible for the interactions from the BF sector
S1 = S
(BF)
1 + S
(int)
1 , (4.81)
where
S
(BF)
1 =
∫
d4x a(BF), (4.82)
with a(BF) provided by (4.36) and (4.37)–(4.41). We recall that S
(BF)
1 is
parameterized by 4 kinds of smooth functions of the undifferentiated scalar
fields: Wab, M
c
ab,M
ab, andMabcd, whereM
c
ab are antisymmetric in their lower
indices, Mab are symmetric, and Mabcd are completely antisymmetric.
4.3 Second-order deformation
Next, we investigate the equations responsible for higher-order deformations.
The second-order deformation is governed by equation (3.5). Making use of
the first-order deformation derived in the previous subsection, after some
computation we organize the second term on the left-hand side of (3.5) like
(S1, S1) =
∫
d4x
(
∆+ ∆¯
)
, (4.83)
where
∆ =
4∑
p=0
(
Kabc,m1...mp
∂ptabc
∂ϕm1 . . . ∂ϕmp
+Kabcd,m1...mp
∂ptdabc
∂ϕm1 . . . ∂ϕmp
+Kabcdfm1...mp
∂ptabcdf
∂ϕm1 . . . ∂ϕmp
+Kab,m1...mp
∂ptba
∂ϕm1 . . . ∂ϕmp
+Kcab,m1...mp
∂ptabc
∂ϕm1 . . . ∂ϕmp
)
(4.84)
and
∆¯ =
3∑
p=0
(
XabBA,m1...mp
∂pTAabB
∂ϕm1 . . . ∂ϕmp
+XabcdA,m1...mp
∂pTAabcd
∂ϕm1 . . . ∂ϕmp
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+XabA,m1...mp
∂pTAab
∂ϕm1 . . . ∂ϕmp
+XabAc,m1...mp
∂pTAcab
∂ϕm1 . . . ∂ϕmp
+XAab,m1...mp
∂pTAab
∂ϕm1 . . . ∂ϕmp
+XABa,m1...mp
∂pT aAB
∂ϕm1 . . . ∂ϕmp
)
+
2∑
p=0
(
XaABCm1...mp
∂pTaABC
∂ϕm1 . . . ∂ϕmp
+XabcAB,m1...mp
∂pTABabc
∂ϕm1 . . . ∂ϕmp
+XaAB,m1...mp
∂pTABa
∂ϕm1 . . . ∂ϕmp
+XbABa,m1...mp
∂pTABab
∂ϕm1 . . . ∂ϕmp
)
+
1∑
p=0
(
XABCD,m1...mp
∂pTABCD
∂ϕm1 . . . ∂ϕmp
+XabABC,m1...mp
∂pTABCab
∂ϕm1 . . . ∂ϕmp
+XABCa,m1...mp
∂pT aABC
∂ϕm1 . . . ∂ϕmp
)
+XaABCDT
ABCD
a . (4.85)
In formulas (4.84) and (4.85) we used the notations
tabc = WecM
e
ab +Wea
∂Wbc
∂ϕe
+Web
∂Wca
∂ϕe
, (4.86)
tdabc = We[a
∂Mdbc]
∂ϕe
+Mde[aM
e
bc] +M
deMeabc, (4.87)
tabcdf = We[a
∂Mbcdf ]
∂ϕe
+Me[abcM
e
df ], (4.88)
tba = M
beWea, (4.89)
tbca = Wea
∂M bc
∂ϕe
+M (beaM
c)e, (4.90)
TAab = f
A
aMf
M
b + f
A
e
∂Wab
∂ϕe
+Wea
∂fAb
∂ϕe
+ 2Webf
Ae
a , (4.91)
TABa = f
A
e
∂fBa
∂ϕe
− fBe
∂fAa
∂ϕe
− 4!
(
gABMf
M
a + 2Weag
eAB
)
, (4.92)
TAcab = f
A
aMf
Mc
b − f
A
bMf
Mc
a −
1
2
fAe
∂M cab
∂ϕe
+ fAce M
e
ab
+fAe[aM
c
b]e − 2 · 4!f
A
eabM
ec +We[a
∂fAcb]
∂ϕe
, (4.93)
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TAabcd = We[a
∂fAbcd]
∂ϕe
+ fAe[abM
e
cd] + f
A
M [af
M
bcd]
+ 1
2·4!
(
1
2
fAe
∂Mabcd
∂ϕe
− fAe[aMbcd]e
)
, (4.94)
TAab = fAe
∂Mab
∂ϕe
− 2fAae M
be − 2fAbe M
ae, (4.95)
TAabB = f
A
M [af
M
b]B + f
A
eBM
e
ab +We[a
∂fAb]B
∂ϕe
, (4.96)
TaABC = fAe
∂faBC
∂ϕe
− fBe
∂faAC
∂ϕe
+ 2f eAafeBC − 2f
e
BafeAC
+4!
(
−gABMf
M
aC +Wea
∂gABC
∂ϕe
+ fMa[AgB]MC
)
, (4.97)
T aAB = feABM
ea, (4.98)
TABabc = f
A
e
∂fBabc
∂ϕe
− fBe
∂fAabc
∂ϕe
+ 2fAe[af
B
bc]e − 2f
Be
[af
A
bc]e
+1
2
geABMabce + 4!
(
gABe[a M
e
bc] +We[a
∂gABbc]
∂ϕe
)
−4!
(
gABMf
M
abc + f
[A
M [ag
B]M
bc]
)
, (4.99)
TABab = f
A
e
∂fBab
∂ϕe
− fBe
∂fAab
∂ϕe
− 2fAae f
Be
b + 2f
Ba
e f
Ae
b
+4!
(
geABMaeb +Web
∂gaAB
∂ϕe
)
− 4!
(
gABMf
Ma
b
+2 · 4!gABeb M
ea + fAbMg
aBM − fBbMg
aAM
)
, (4.100)
TABCD = ge[ABfC]De −
1
2
f [Ae
∂gBC]D
∂ϕe
− 12g
[AB
Mg
C]MD, (4.101)
TABCab = g
e[ABf
C]
eab −
1
2
f [Ae
∂g
BC]
ab
∂ϕe
− 12g
[AB
Mg
C]M
ab + g
[AB
e[a f
C]e
b] , (4.102)
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T aABC = g
e
[ABf
a
C]e −
1
2
fe[A
∂gaBC]
∂ϕe
− 12g M[AB g
a
C]M , (4.103)
TABCDa = g
e[ABgCD]ea , (4.104)
where the functions gABC , g
CMD, and g MAB result from g
AB
M by appropri-
ately lowering or raising the two-form collection indices with the help of the
metric kAB or its inverse k
AB: gABC = kAMkBNg
MN
C , g
CMD = gCMEk
ED,
g MAB = kAEkBFg
EF
Nk
NM . The remaining objects, of the type K or X ,
are listed in Appendix A. Each of them is a polynomial of ghost num-
ber 1 involving only the undifferentiated fields/ghosts and antifields. Com-
paring equation (3.5) with (4.83), we obtain that the existence of S2 re-
quires that
∫
d4x
(
∆+ ∆¯
)
is s-exact. This is not possible since all the ob-
jects denoted by K or X are polynomials comprising only undifferentiated
fields/ghosts/antifields, so (3.5) takes place if and only if the following equa-
tions are simultaneously obeyed
tabc = 0, t
d
abc = 0, tabcdf = 0, t
b
a = 0, t
bc
a = 0, (4.105)
TAab = 0, T
AB
a = 0, T
Ac
ab = 0, T
A
abcd = 0, T
Aab = 0, (4.106)
TAabB = 0, TaABC = 0, T
a
AB = 0, T
AB
abc = 0, T
ABa
b = 0, (4.107)
TABCD = 0, TABCab = 0, T
a
ABC = 0, T
ABCD
a = 0. (4.108)
Based on the last equations, which enforce ∆ = 0 = ∆¯, from (4.83) compared
with (3.5) it follows that we can take
S2 = 0. (4.109)
On behalf of (4.109) it is easy to show that one can safely set zero the
solutions to the higher-order deformation equations, (3.6), etc.
Sk = 0, k > 2. (4.110)
Collecting formulas (4.109) and (4.110), we can state that the complete
deformed solution to the master equation for the model under study, which
is consistent to all orders in the coupling constant, reads as
S = S¯ + λS1, (4.111)
where S¯ is given in (2.26) and S1 is expressed by (4.81). The full deformed
solution to the master equation comprises 11 types of smooth functions of
the undifferentiated scalar fields: Wab, M
a
bc, Mabcd, M
ab, fAabc, g
AB
ab , f
A
a , f
A
aB ,
fAba , g
AB
C , and g
aAB. They are subject to equations (4.105)–(4.108), imposed
by the consistency of the first-order deformation.
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5 Lagrangian formulation of the interacting
model
The piece of antighost number 0 from the full deformed solution to the master
equation, of the form (4.111), furnishes us with the Lagrangian action of the
interacting theory
SL[Aaµ, H
a
µ, ϕa, B
µν
a , V
A
µν , V
A
µ ] =
∫
d4x
[
HaµD
µϕa +
1
2
Bµνa F¯
a
µν
+1
2
(
V µνA F¯
A
µν + V
A
µ V
µ
A
)
−λ
4
εµνρλ
(
1
4!
MabcdA
a
µA
b
ν +
2
3
fAacdV
A
µ A
a
ν
−gABcdV
A
µ V
B
ν
)
AcρA
d
λ
]
, (5.1)
where we used the notations
Dµϕa = ∂
µϕa + λWabA
bµ − λ
4!
fAaV
Aµ, (5.2)
F¯ aµν = ∂[µA
a
ν] + λM
a
bcA
b
µA
c
ν + λεµνρλM
abBρλb
+ λ
12
(
faAbA
b
[µV
A
ν] + g
a
ABV
A
µ V
B
ν
)
, (5.3)
F¯Aµν = ∂[µV
A
ν] − λf
A
aBA
a
[µV
B
ν] + λg
A
BC V
B
µ V
C
ν . (5.4)
Formula (5.1) expresses the most general form of the Lagrangian action de-
scribing the interactions between a finite collection of BF models and a finite
set of two-form gauge fields that complies with our working hypotheses and
whose free limit is precisely action (2.1). We note that the deformed La-
grangian action is of maximum order 1 in the coupling constant and includes
two main types of vertices: one generates self-interactions among the BF
fields and the other couples the two-form field spectrum to the BF field spec-
trum. The first type is already known from the literature and we will not
comment on it. The second is yielded by the expression
− λ
4!
fAaV
AµHaµ +
λ
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Bµνa
(
faAbA
b
[µV
A
ν] + g
a
ABV
A
µ V
B
ν
)
−λ
2
V µνA
(
fAaBA
a
[µV
B
ν] − g
A
BC V
B
µ V
C
ν
)
−λ
4
εµνρλ
(
2
3
fAacdV
A
µ A
a
ν − gABcdV
A
µ V
B
ν
)
AcρA
d
λ. (5.5)
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We observe that the vector fields V Aµ couple to all the BF fields from the
collection, while the two-form gauge fields V µνA interact only with the one-
forms Aaµ from the BF sector. Also, all the interaction vertices are derivative-
free (we recall that the various functions that parameterize (5.1) depend only
on the undifferentiated scalar fields). One of this couplings, λ
2
g ABC V
µν
A V
B
µ V
C
ν ,
is nothing but the generalized version of non-Abelian Freedman-Townsend
vertex. (By ‘generalized’ we mean that its form is identical with the standard
non-Abelian Freedman-Townsend vertex up to the point that g ABC are not
the structure constants of a Lie algebra, but depend on the undifferentiated
scalar fields.) Thus, action (5.1) contains the generalized version of non-
Abelian Freedman-Townsend action
SFTgen[V
A
µν , V
A
µ , ϕa] =
1
2
∫
d4x
[
V µνA
(
∂[µV
A
ν] + λg
A
BC V
B
µ V
C
ν
)
+ V Aµ V
µ
A
]
. (5.6)
From the terms of antighost number 1 present in (4.111) we read the
deformed gauge transformations (which leave invariant action (5.1)), namely
δ¯ǫA
a
µ = (Dµ)
a
b
ǫb − 2λMabεµνρλǫ
νρλ
b , (5.7)
δ¯ǫH
a
µ = 2
(
D¯ν
)a
b
ǫbµν +
λ
2
εµνρλ
[(
− 1
12
∂Mbcde
∂ϕa
Acν +
∂fAbde
∂ϕa
V νA
)
Adρ
+
∂gABbe
∂ϕa
V νAV
ρ
B
]
Aeλǫb + λ
(
−
∂Wbc
∂ϕa
Hcµ +
∂fAbB
∂ϕa
V νAV
B
µν
)
ǫb
−
∂ (Dν)db
∂ϕa
Bdµνǫ
b − 3λ
2
∂M bcd
∂ϕa
AcνAdρǫbµνρ + 2λ
∂M bc
∂ϕa
Bcµνε
ναβγǫbαβγ
+λ
4
(
∂f bAc
∂ϕa
V AνAcρ − 1
2
∂gbAB
∂ϕa
V AνV Bρ
)
ǫbµνρ
+λεµνρλ
(
∂fbAB
∂ϕa
V BνAbρ + 1
2
∂gBCA
∂ϕa
V νBV
ρ
C
)
ǫAλ, (5.8)
δ¯ǫϕa = −λWabǫ
b, (5.9)
δ¯ǫB
µν
a = −3 (Dρ)
b
a
ǫµνρb + 2λWabǫ
bµν − λεµνρλfaABV
B
ρ ǫ
A
λ − λM
c
abB
µν
c ǫ
b
+λεµνρλ
(
1
8
MabcdA
c
ρA
d
λ + fAabcV
A
ρ A
c
λ −
1
2
gABabV
A
ρ V
B
λ
)
ǫb, (5.10)
δ¯ǫV
A
µν = εµνρλ (D
ρ)AB ǫ
Bλ + λ
12
fAa ǫ
a
µν +
λ
4
(
fAab A
bρ − gaABV ρB
)
ǫaµνρ
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+λ
[
εµνρλ
(
1
2
fAabcA
bρ + gABac V
ρ
B
)
Acλ
+fAaBV
B
µν +
1
12
fAbaBbµν
]
ǫa, (5.11)
δ¯ǫV
A
µ = λf
A
aBV
B
µ ǫ
a. (5.12)
In (5.7)–(5.12) we employed the following notations for the various types of
(generalized) covariant derivatives:
(
D¯µ
)a
b
= δab ∂
µ − λ
(
∂Wbc
∂ϕa
Acµ − 1
12
∂fAb
∂ϕa
V Aµ
)
, (5.13)
(Dµ)
a
b
= δab ∂µ − λM
a
bcA
c
µ −
λ
12
faAbV
A
µ , (5.14)
(Dµ)
b
a
= δba∂µ + λ
(
M bacA
c
µ +
1
12
f bAaV
A
µ
)
, (5.15)
(Dµ)AB = δ
A
B∂
µ − λfAaBA
aµ + λgACBV
µ
C . (5.16)
It is interesting to see that the gauge transformations of all fields get modified
by the deformation procedure. Also, the gauge transformations of the BF
fields Haµ and B
µν
a involve the gauge parameters ǫ
Aλ, which are specific to
the two-form sector. Similarly, the gauge transformations of V Aµν and V
A
µ
include pure BF gauge parameters. By contrast to the standard non-Abelian
Freedman-Townsend model, where the vector fields V Aµ are gauge-invariant,
here these fields gain nonvanishing gauge transformations, proportional with
the BF gauge parameters ǫa. The nonvanishing commutators among the
deformed gauge transformations result from the terms quadratic in the ghosts
with pure ghost number 1 present in (4.111). The concrete form of the gauge
generators and of the corresponding nonvanishing commutators is included
in Appendix B and D, respectively (see relations (B.1)–(B.16) and (D.1)–
(D.19), respectively). With the help of these relations we observe that the
original Abelian gauge algebra is deformed into an open one, meaning that
the commutators among the gauge transformations only close on-shell, i.e. on
the field equations resulting from the deformed Lagrangian action (5.1). The
deformed gauge generators remain reducible of order two, just like the original
ones, but the reducibility relations of order one and two hold now only on
the field equations resulting from the deformed Lagrangian action (on-shell
reducibility). The expressions of the reducibility functions and relations are
given in detail in Appendix C (see formulas (C.1)–(C.26)). They are deduced
from certain elements in (4.111) that are linear in the ghosts with the pure
ghost number greater or equal to 2.
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We recall that the entire gauge structure of the interacting model is con-
trolled by the functions Wab, M
a
bc, Mabcd, M
ab, fAabc, g
AB
ab , f
A
a , f
A
aB, f
Ab
a , g
AB
C ,
and gaAB, which are restricted to satisfy equations (4.105)–(4.108). Thus, our
procedure is consistent provided these equations are shown to possess solu-
tions. We give below some classes of solutions to (4.105)–(4.108), without
pretending to exhaust all possibilities.
• Type I solutions
A first class of solutions to equations (4.105) is given by
M cab =
∂Wab
∂ϕc
, Mabcd = fe[ab
∂Wcd]
∂ϕe
, Mab = 0, (5.17)
where feab are arbitrary, antisymmetric constants and the functions
Wab are required to fulfill the equations
We[a
∂Wbc]
∂ϕe
= 0. (5.18)
We remark that all the nonvanishing solutions are parameterized by
the antisymmetric functions Wab. Like in the pure BF case [51], we
can interpret the functions Wab like the components of a two-tensor
on a Poisson manifold with the target space locally parameterized by
the scalar fields ϕe. Consequently, the first and third equations among
(4.106) are verified if we take
fAaB = λ
A
Bfa, f
A
a = τ
AkcWac, f
Aa
b = −
1
2
τAkc
∂Wbc
∂ϕa
, (5.19)
where fa are arbitrary functions of ϕb, k
c stand for some arbitrary
constants, and τA and λAB (λ
AB = −λBA, λAB = kACλBC) represent
some constants subject to the conditions
λABτ
B = 0. (5.20)
Inserting (5.19) into the second equation from (4.106), we obtain
gaAB =
1
2
gABCτ
Cka + µABν
a, (5.21)
where µAB are some arbitrary, antisymmetric constants and ν
a (ϕ) are
null vectors of Wab (if the matrix of elements Wab is degenerate), i.e.
Wabν
a = 0. (5.22)
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In the presence of the previous solutions the fourth equation from
(4.106) is solved for
fAabc =
1
4·4!
τAkdfe[ab
∂Wcd]
∂ϕe
. (5.23)
Due to the last relation in (5.17), it is easy to see that the fifth equa-
tion from (4.106) is now automatically satisfied. Next, we investigate
equations (4.107). The former equation is checked if we make the choice
fa = k¯
bWab, (5.24)
with k¯b some arbitrary constants. The next equation from (4.107) is
fulfilled for
gABC = CABC(1 + χ), λ
A
B = C
A
CB τ
C , ka = k¯a, (5.25)
where χ (ϕ) has the property
Wab
∂χ
∂ϕb
= 0 (5.26)
(if Wab allows for nontrivial null vectors) and the completely antisym-
metric constants CABC are imposed to satisfy the Jacobi identity
CEA[BC
E
DC] = 0. (5.27)
Now, the third equation from (4.107) is automatically verified by the
last relation in (5.17). The solution to the fourth equation reads as
gABab = C
ABCτCWab, µAB = 0. (5.28)
So far we have determined all the unknown functions. The above so-
lutions also fulfill the remaining equations from (4.107) and the first
three ones in (4.108). However, the last equation present in (4.108)
produces the restriction
CE[ABCCD]F τEτF = 0. (5.29)
The last equation possesses at least two different types of solutions,
namely
CABC = εijkeAi e
B
j e
C
k , i, j, k = 1, 2, 3 (5.30)
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and
CABC = εA¯B¯C¯ lAA¯l
B
B¯ l
C
C¯ , A¯, B¯, C¯ = 1, 2, 3, 4, (5.31)
respectively, where eAi and l
A
A¯
are all constants and εijk together with
εA¯B¯C¯ are completely antisymmetric symbols. These symbols are defined
via the conventions ε123 = +1 and ε124 = ε134 = ε234 = +1, respectively.
It is straightforward to see that the quantities CABC given by either
of the relations (5.30) or (5.31) indeed check (5.27). By assembling
the previous results, we find the type I solutions to equations (4.105)–
(4.108) being expressed via relations (5.17), (5.23), and
fAaB = C
A
DB τ
DkbWab, f
A
a = τ
AkcWac, (5.32)
fAab = −
1
2
τAkc
∂Wbc
∂ϕa
, gABC = CABC(1 + χ), (5.33)
gaAB =
1
2
CABC(1 + χ)τ
Cka, gABab = C
ABCτCWab, (5.34)
where τA and ka represent some arbitrary constants, Wab are assumed
to satisfy equations (5.18), and χ is subject to (5.26) (if the matrix
of elements Wab is degenerate). The antisymmetric constants C
ABC
are imposed to verify relations (5.29) (which ensure that (5.27) are
automatically checked). Two sets of solutions to (5.29) (and hence also
to (5.27)) are provided by formulas (5.30) and (5.31)).
• Type II solutions
Another set of solutions to equations (4.105) can be written as
Wab = 0, M
c
ab = C
c
abMˆ, Mabcd = 0, M
ab = µabM, (5.35)
with Mˆ and M arbitrary functions of the undifferentiated scalar fields.
The coefficients µab represent the elements of the inverse of the Killing
metric µ¯ad of a semi-simple Lie algebra with the structure constants
Ccab (µ¯adµ
de = δea), where, in addition Cabc = µ¯adC
d
bc must be com-
pletely antisymmetric. Under these circumstances, the first equation
from (4.106) is solved if we take
fAaB = λ˜
A
Bfˆa, f
A
a = σ
Af¯a, (5.36)
where fˆa and f¯a are arbitrary functions of the undifferentiated scalar
fields, and λ˜AB as well as σ
A are some constants that must satisfy the
relations
λ˜ABσ
B = 0. (5.37)
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Then, the second equation from (4.106) implies the fact that g CAB is
restricted to fulfill the condition
g CAB σC = 0. (5.38)
Replacing the above solutions into the third equation from (4.106), we
get the relation
fAab = σ
ACabc
∂P
∂ϕc
, fAabc = σ
ACabcN, (5.39)
where P and N are functions of the undifferentiated scalar fields, with
N restricted to verify the equation
f¯a
∂Mˆ
∂ϕa
+ 4 · 4!NM = 0. (5.40)
Having in mind the solutions deduced until now, we find that the fourth
equation from (4.106) is automatically checked and the last equation
in (4.106) constrains the function M to be constant (for the sake of
simplicity, we take this constant to be equal to unity)
M = 1. (5.41)
The first and the third equations from (4.107) immediately yield fˆa = 0,
which further leads to fAaB = 0. Under these circumstances, the second
equation entering (4.107) is identically satisfied and the fourth equation
from the same formula possesses the solution
gABab = Cabcλ¯
AB ∂Q
∂ϕc
, (5.42)
where Q is an arbitrary function of the undifferentiated scalar fields
and λ¯AB denote some arbitrary, completely antisymmetric constants.
Substituting the solutions deduced so far into the last equation from
(4.107), we get
gaAB = λ¯AB
∂g
∂ϕa
, (5.43)
where g is a function of the undifferentiated scalar fields that is re-
stricted to fulfill the equation
∂Q
∂ϕa
= 1
2·4!
Mˆ
∂g
∂ϕa
. (5.44)
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The first equation from (4.108) exhibits the solution
gABC = σ[AλˆB]CΦˆ, (5.45)
with Φˆ an arbitrary function of the undifferentiated scalar fields and
λˆBC some arbitrary, completely antisymmetric constants, which check
the relations
λˆBCσ
C = 0. (5.46)
Relations (5.46) ensure that equation (5.38) is verified. The second
equation from (4.108) displays a solution of the form
λ¯AB = σ[AλˆB]CβC , (5.47)
with βC some constants. The remaining equations entering (4.108) are
now identically verified. Putting together the results obtained until
now, it follows that the type II solutions to equations (4.105)–(4.108)
can be written as
Wab = 0, M
c
ab = C
c
abMˆ, Mabcd = 0, M
ab = µab, (5.48)
fAaB = 0, f
A
a = σ
Af¯a, f
Aa
b = σ
ACabc
∂P
∂ϕc
, (5.49)
fAabc = −
1
4·4!
σACabcf¯d
∂Mˆ
∂ϕd
, gABab =
1
2·4!
Cabcσ
[AλˆB]CβCMˆ
∂g
∂ϕc
, (5.50)
gaAB = σ[AλˆB]Cβ
C ∂g
∂ϕa
, gABC = σ[AλˆB]CΦˆ. (5.51)
We recall that Mˆ , f¯a, P , g, and Φˆ are arbitrary functions of the undif-
ferentiated scalar fields and βC , λˆBC , and σ
C are some constants. In
addition, the last two sets of constants are imposed to fulfill equation
(5.46). The quantities µab are the elements of the inverse of the Killing
metric of a semi-simple Lie algebra with the structure constants Ccab,
where Cabc must be completely antisymmetric.
• Type III solutions
The third type of solutions to (4.105) is given by
Wab = 0, M
c
ab = C¯
c
abw, Mabcd = fˆe[abC¯
e
cd]q, M
ab = 0, (5.52)
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with w and q arbitrary functions of the undifferentiated scalar fields,
fˆeab some arbitrary, antisymmetric constants, and C¯
c
ab the structure
constants of a Lie algebra. Let us particularize the last solutions to the
case where
C¯cab = kˆ
cW¯ab, w (ϕ) = q (ϕ) =
dwˆ
(
kˆmϕm
)
d
(
kˆnϕn
) , (5.53)
with kˆc some arbitrary constants, wˆ an arbitrary, smooth function de-
pending on kˆmϕm, and W¯ab some antisymmetric constants satisfying
the relations
W¯a[bW¯cd] = 0. (5.54)
Obviously, equations (5.54) ensure the Jacobi identity for the structure
constants C¯cab. Replacing (5.53) back in (5.52), we find
Wab = 0, M
c
ab =
∂Wˆab
∂ϕc
, Mabcd = fˆe[ab
∂Wˆcd]
∂ϕe
, Mab = 0, (5.55)
where
Wˆab = W¯ab
dwˆ
(
kˆmϕm
)
d
(
kˆnϕn
) . (5.56)
Due to (5.54), it is easy to see that Wˆab satisfy the Jacobi identity for
a Poisson manifold
Wˆe[a
∂Wˆbc]
∂ϕe
= 0. (5.57)
Relations (5.55) and (5.57) emphasize that we can generate solutions
correlated with a Poisson manifold even ifWab = 0. In this situation the
Poisson two-tensor results from a Lie algebra (see the first formula in
(5.53) and (5.56)). It is interesting to remark that the same equations,
namely (5.54), ensure the Jacobi identities for both the Lie algebra and
the corresponding Poisson manifold. These equations possess at least
two types of solutions, namely
W¯ab = εijke
i
ae
j
be
k
cρ
c, i, j, k = 1, 2, 3 (5.58)
and
W¯ab = εa¯b¯c¯l
a¯
al
b¯
bl
c¯
cρ¯
c, a¯, b¯, c¯ = 1, 2, 3, 4, (5.59)
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where eia, ρ
c, la¯a, and ρ¯
c are all constants and εijk together with εa¯b¯c¯ are
completely antisymmetric symbols, defined via the conventions ε123 =
+1 and ε124 = ε134 = ε234 = +1, respectively. If we tackle the remaining
equations in a manner similar to that employed at the previous cases,
we infer that the third type of solutions to (4.105)–(4.108) is expressed
by (5.55) and
fAaB = m
A
B kˆ
bW¯abΩ, f
A
a = 0, f
Aa
b = −λ¯
Ak˜c
∂Wˆbc
∂ϕa
, (5.60)
fAabc = λ¯
A
(
uˆ[aWˆbc] +
1
2·4!
k˜dfˆe[ab
∂Wˆcd]
∂ϕe
)
, (5.61)
gABab = λ¯
[AmB]C β¯CW¯abQˆ, g
a
AB = 0, gABC = λ¯[AmB]CPˆ . (5.62)
In the above kˆb, k˜a, β¯C , fˆeab, λ¯
A, W¯ab (W¯ab = −W¯ba), and m
AB (mAB =
−mBA) are some constants, the first four sets being arbitrary (up to
the point that fˆeab should be completely antisymmetric) and the last
three sets being subject to the relations (5.54) and
mABλ¯B = 0. (5.63)
The quantities denoted by Ω, uˆa, Qˆ, and Pˆ are arbitrary functions of the
undifferentiated scalar fields. The functions Wˆab read as in (5.56), with
wˆ an arbitrary, smooth function depending on kˆmϕm. If in particular
we take Ω and Qˆ to be respectively of the form of w and q from (5.53),
then we obtain that the functions fAaB and g
AB
ab will be parameterized
by Wˆab.
6 Conclusion
To conclude with, in this paper we have investigated the consistent inter-
actions that can be introduced between a finite collection of BF theories
and a finite set of two-form gauge fields (described by a sum of Abelian
Freedman-Townsend actions). Starting with the BRST differential for the
free theory, we compute the consistent first-order deformation of the solution
to the master equation with the help of standard cohomological techniques,
and obtain that it is parameterized by 11 kinds of functions depending on
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the undifferentiated scalar fields. Next, we investigate the second-order de-
formation, whose existence imposes certain restrictions with respect to these
functions. Based on these restrictions, we show that we can take all the
remaining higher-order deformations to vanish. As a consequence of our
procedure, we are led to an interacting gauge theory with deformed gauge
transformations, a non-Abelian gauge algebra that only closes on-shell, and
on-shell accompanying reducibility relations. The deformed action contains,
among others, the generalized version of non-Abelian Freedman-Townsend
action. It is interesting to mention that by contrast to the standard non-
Abelian Freedman-Townsend model, where the auxiliary vector fields are
gauge-invariant, here these fields gain nonvanishing gauge transformations,
proportional with some BF gauge parameters. Finally, we investigate the
equations that restrict the functions parameterizing the deformed solution
to the master equation and give some particular classes of solutions, which
can be suggestively interpreted in terms of Poisson manifolds and/or Lie
algebras.
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A Various notations used in subsection 4.3
The various notations used within formula (4.84) are listed below. The ob-
jects denoted by
(
Kabc,m1...mp
)
p=0,4
are expressed by
Kabc = ηaηbϕ∗c + 2ηaAbµHcµ + 2
(
AaµAbν − 2B∗aµνηb
)
Ccµν
+4
(
ηaη∗bµνρ + 3B∗aµνAbρ
)
Ccµνρ
−4
(
ηaη∗bµνρλ + 6B∗aµνB∗bρλ − 4η∗aµνρAbλ
)
Ccµνρλ, (A.1)
Kabc,d =
(
4H∗νd A
aµηb − C∗µνd η
aηb
)
Ccµν −H
∗µ
d η
aηbHcµ
+
(
6H∗ρd A
aµAbν − 12H∗ρd B
∗aµνηb + 6C∗µνd η
aAbρ
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−C∗µνρd η
aηb
)
Ccµνρ +
(
−48H∗λd B
∗aµνAbρ
+12C∗µνd A
aρAbλ + 16H∗λd η
∗aµνρηb − 24C∗µνd B
∗aρληb
−8C∗µνρd A
aληb − C∗µνρλd η
aηb
)
Ccµνρλ, (A.2)
Kabc,de = −3 (C
∗µν
d H
∗ρ
e η
a + 2H∗µd H
∗ν
e A
aρ) ηbCcµνρ
−H∗µd H
∗ν
e η
aηbCcµν +
(
−24H∗µd H
∗ν
e B
∗aρληb
+12H∗µd H
∗ν
e A
aρAbλ − 24C∗µνd H
∗ρ
e A
aληb
−3C∗µνd C
∗ρλ
e η
aηb + 4C∗µνρd H
∗λ
e η
aηb
)
Ccµνρλ, (A.3)
Kabc,def = −2
(
4H∗µd H
∗ν
e H
∗ρ
f A
aλ + 3C∗µνd H
∗ρ
e H
∗λ
f η
a
)
ηbCcµνρλ
−H∗µd H
∗ν
e H
∗ρ
f η
aηbCcµνρ, (A.4)
Kabc,defg = −H
∗µ
d H
∗ν
e H
∗ρ
f H
∗λ
g η
aηbCcµνρλ. (A.5)
The elements
(
Kabcd,m1...mp
)
p=0,4
read as
Kabcd =
(
−2ηaAbµA
c
ν +B
∗a
µνη
bηc
)
Bµνd − A
a
µη
bηcA∗µd
+
(
−AaµA
b
νA
c
ρ + 6η
aB∗bµνA
c
ρ + η
bηcη∗aµνρ
)
ηµνρd
−1
3
ηaηbηcη∗d +
(
−12AaµA
b
νB
∗c
ρλ + 12η
aB∗bµνB
∗c
ρλ
−8ηaη∗bµνρA
c
λ + η
∗c
µνρλη
aηb
)
ηµνρλd , (A.6)
Kabcd,e =
(
H∗µe A
aνηbηc + 1
6
C∗µνe η
aηbηc
)
Bdµν
−1
3
H∗µe η
aηbηcA∗dµ +
(
−3H∗ρe η
aAbµAcν
−3H∗ρe η
aηbB∗cµν + 3
2
C∗µνe η
aηbAcρ
+1
6
C∗µνρe η
aηbηc
)
ηdµνρ +
(
24AaµH∗νe η
bB∗cρλ
+4H∗λe A
aµAbνAcρ − 4H∗λe η
aηbη∗cµνρ
+6C∗µνe η
aηbB∗cρλ − 6C∗µνe η
aAbρAcλ
+8C∗µνρe η
aηbAcλ + 1
6
C∗µνρλe η
aηbηc
)
ηdµνρλ, (A.7)
Kabcd,ef =
1
6
H∗µe H
∗ν
f η
aηbηcBdµν +
3
2
H∗µe H
∗ν
f η
aηbAcρηdµνρ
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+1
2
C∗µνe H
∗ρ
f η
aηbηcηdµνρ +
(
6H∗µe H
∗ν
f η
aηbB∗cρλ
−6H∗µe H
∗ν
f η
aAbρAcλ + 6C∗µνe H
∗ρ
f η
aηbAcλ
+2
3
C∗µνρe H
∗λ
f η
aηbηc + 1
2
C∗µνe C
∗ρλ
f η
aηbηc
)
ηdµνρλ, (A.8)
Kabcd,efg =
(
2H∗µe H
∗ν
f H
∗ρ
g η
aηbAcλ + C∗µνe H
∗ρ
f H
∗λ
g η
aηbηc
)
ηdµνρλ
+1
6
H∗µe H
∗ν
f H
∗ρ
g η
aηbηcηdµνρ, (A.9)
Kabcd,efgh =
1
6
H∗µe H
∗ν
f H
∗ρ
g H
∗λ
h η
aηbηcηdµνρλ. (A.10)
The quantities
(
Kabcdfm1...mp
)
p=0,4
,
(
Kab,m1...mp
)
p=0,4
, and
(
Kcab,m1...mp
)
p=0,4
are
given by
Kabcdf = 1
8
εµνρλ
[(
1
3!
AaµA
b
ν −B
∗a
µνη
b
)
AcρA
d
λ +
1
3
(
B∗aµνB
∗b
ρλ
−2
3
η∗aµνρA
b
λ +
1
4!
η∗aµνρλη
b
)
ηcηd
]
ηf , (A.11)
Kabcdfe =
1
4!
εµνρλ
[
1
2
(
1
5!
C∗eµνρλη
a + 1
3!
C∗eµνρA
a
λ +
1
2
C∗eµνB
∗a
ρλ
+1
3
H∗eµη
∗a
νρλ
)
ηbηc −H∗eµ
(
AaνA
b
ρ − 2B
∗a
νρη
b
)
Acλ
−1
2
C∗eµνA
a
ρA
b
λη
c
]
ηdηf , (A.12)
Kabcdfeg =
1
2·4!
εµνρλ
[
1
2
(
1
15
H∗eµC
∗
gνρλη
a + 1
20
C∗eµνC
∗
gρλη
a +H∗eµC
∗
gνρA
a
λ
)
ηb
−H∗eµH
∗
gν
(
AaρA
b
λ − 2B
∗a
ρλη
b
)]
ηcηdηf , (A.13)
Kabcdfegh =
1
4·4!
εµνρλH∗eµH
∗
gν
(
1
10
C∗hρλη
a + 1
3
H∗hρA
a
λ
)
ηbηcηdηf , (A.14)
Kabcdfeghl =
1
2·4!·5!
εµνρλH∗eµH
∗
gνH
∗
hρH
∗
lλη
aηbηcηdηf , (A.15)
Kab = 4ε
µνρλ
[
2
(
−Caµνρλη
∗
b + C
a
µνρA
∗
bλ
)
+ CaµνBbρλ
−
(
ϕ∗aηbµνρλ −H
a
µηbνρλ
)]
, (A.16)
Kab,c = 4ε
µνρλ
[
ηbµνρλ
(
CaστκςC
∗στκς
c + C
a
στκC
∗στκ
c + C
a
στC
∗στ
c
+HaσH
∗σ
c ) + C
a
µνρλ (ηbστκC
∗στκ
c +BbστC
∗στ
c − 2A
∗
bσH
∗σ
c )
+ηbνρλ
(
3CaµστC
∗στ
c − 2C
a
µσH
∗σ
c
)
+ 3BbρλC
a
µνσH
∗σ
c
]
, (A.17)
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Kab,cd = 4ε
µνρλ
[
ηbµνρλ
(
Caστκς (4H
∗σ
c C
∗τκς
d + 3C
∗στ
c C
∗κς
d )
+3CaστκH
∗σ
c C
∗τκ
d + C
a
στH
∗σ
c H
∗τ
d )
+Caµνρλ (3ηbστκH
∗σ
c C
∗τκ
d +BbστH
∗σ
c H
∗τ
d )
]
, (A.18)
Kab,cde = 4ε
µνρλ
[
ηbµνρλ
(
6CaστκςH
∗σ
c H
∗τ
d C
∗κς
e + C
a
στκH
∗σ
c H
∗τ
d H
∗κ
e
)
+CaµνρληbστκH
∗σ
c H
∗τ
d H
∗κ
e
]
, (A.19)
Kab,cdef = 4εµνρλη
µνρλ
b C
a
στκςH
∗σ
c H
∗τ
d H
∗κ
e H
∗ς
f , (A.20)
Kcab = εµνρλ
[
−6
(
ηµνσa B
ρλ
b A
c
σ + 3η
µστ
a η
ν
bστB
∗cρλ
)
−2ηµνρλa
(
ηστκςb η
∗c
στκς + 2η
στκ
b η
∗c
στκ + 2B
στ
b B
∗c
στ
−2A∗σb A
c
σ − 2η
∗
bη
c) + 4ηµνρa A
∗λ
b η
c − Bµνa B
ρλ
b η
c
]
, (A.21)
Kcab,d = εµνρλ
[
−9ηµστa η
ν
bστ
(
ηcC∗ρλd − 2A
cρH∗λd
)
−ηστκςa ηbστκς
(
ηcC∗µνρλd + 4C
∗µνρ
d A
cλ
+12C∗µνd B
∗cρλ + 8H∗µd η
∗cνρλ
)
+ 6ηµνσa B
ρλ
b η
cH∗dσ
−2ηµνρλa (η
στκ
b (η
cC∗dστκ + 3A
c
κC
∗
dστ − 6B
∗c
τκH
∗
dσ)
+2A∗σb η
cH∗dσ +B
στ
b (η
cC∗dστ + 2A
c
τH
∗
dσ))] , (A.22)
Kcab,de = −εµνρλ
[
2ηµνρλa (3η
στκ
b (H
∗
dσC
∗
eτκη
c +H∗dσH
∗
eτA
c
κ)
+Bστb H
∗
dσH
∗
eτη
c) + ηστκςa ηbστκς
((
4H∗µd C
∗νρλ
e
+3C∗µνd C
∗ρλ
e
)
ηc + 12H∗µd C
∗νρ
e A
cλ + 12H∗µd H
∗ν
e B
∗cρλ
)
+9ηµστa η
ν
bστH
∗ρ
d H
∗λ
e η
c
]
, (A.23)
Kcab,def = −2εµνρλ
[
ηστκςa ηbστκς
(
3H∗µd H
∗ν
e C
∗ρλ
f η
c + 2H∗µd H
∗ν
e H
∗ρ
f A
cλ
)
+ηµνρλa η
στκ
b H
∗
dσH
∗
eτH
∗
fκη
c
]
, (A.24)
Kcab,defg = −εµνρλη
στκς
a ηbστκςH
∗µ
d H
∗ν
e H
∗ρ
f H
∗λ
g η
c. (A.25)
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Next, we identify the various notations employed in formula (4.85). The
polynomials XabBA,m1...mp , X
abcd
A,m1...mp
, XabA,m1...mp , X
ab
Ac,m1...mp
, XAab,m1...mp , and
XABa,m1...mp, with p = 0, 3, can be written as
XabBA =
(
C∗Aη
a − 2C∗µA A
a
µ
)
ηbCB + C∗µA η
aηbCBµ
+2
3
(
V µA η
∗aνρλ − 3V ∗µνA B
∗aρλ
)
ηbCBεµνρλ
−2 (V µAB
∗aνρ − V ∗µνA A
aρ)AbλCBεµνρλ + 2V
∗µν
A A
aρηbCBλεµνρλ
+
(
V ∗µνA V
B
µν + V
∗µ
A V
B
µ
)
ηaηb − 2V µAB
∗aνρηbCBλεµνρλ
+V µAA
aν
(
AbρCBλεµνρλ − 2η
bV Bµν
)
, (A.26)
XabBA,m1 = −
1
2
(
2H∗µm1C
∗
Aµ + C
∗µν
m1
V ∗ρλA εµνρλ +
1
3
C∗µνρm1 V
λ
A εµνρλ
)
ηaηbCB
+
[(
C∗µνm1 V
ρ
A +H
∗µ
m1
V ∗νρA
)
Aaλ − 2H∗µm1V
ν
AB
∗aρλ
]
ηbCBεµνρλ
−1
2
(
C∗µνm1 V
ρ
A + 2H
∗µ
m1
V ∗νρA
)
ηaηbCBλεµνρλ +H
∗µ
m1
V νAη
aηbV Bµν
+H∗µm1V
ν
AA
aρ
(
AbλCB + 2ηbCBλ
)
εµνρλ, (A.27)
XabBA,m1m2 = −
1
6
(
3H∗µm1H
∗ν
m2
V ∗ρλA + C
∗[µν
m1
H∗ρ]m2V
λ
A
)
ηaηbCBεµνρλ
+1
2
H∗µm1H
∗ν
m2
V ρA
(
2AaληbCB − ηaηbCBλ
)
εµνρλ, (A.28)
XabBA,m1m2m3 = −
1
6
H∗µm1H
∗ν
m2
H∗ρm3V
λ
Aη
aηbCBεµνρλ, (A.29)
XabcdA =
1
12
C∗Aη
aηbηcηd − 1
3
V µAA
aνAbρAcληdεµνρλ
−1
3
[
C∗µA A
a
µ +
(
V ∗µνA B
∗aρλ − 1
3
V µA η
∗aνρλ
)
εµνρλ
]
ηbηcηd
+1
2
(V ∗µνA A
aρ − 2V µAB
∗aνρ)Abληcηdεµνρλ, (A.30)
XabcdA,m1 = −
1
4!
[
2H∗µm1C
∗
Aµ +
(
C∗µνm1 V
∗ρλ
A +
1
3
C∗µνρm1 V
λ
A
)
εµνρλ
]
ηaηbηcηd
+1
6
[(
C∗µνm1 V
ρ
A + 2H
∗µ
m1
V ∗νρA
)
Aaλ − 2H∗µm1V
ν
AB
∗aρλ
]
ηbηcηdεµνρλ
+1
2
H∗µm1V
ν
AA
aρAbληcηdεµνρλ, (A.31)
XabcdA,m1m2 = −
1
4!
(
H∗µm1H
∗ν
m2
V ∗ρλA +
1
3
C∗[µνm1 H
∗ρ]
m2
V λA
)
ηaηbηcηdεµνρλ
+1
6
H∗µm1H
∗ν
m2
V ρAA
aληbηcηdεµνρλ, (A.32)
XabcdA,m1m2m3 = −
1
3·4!
H∗µm1H
∗ν
m2
H∗ρm3V
λ
Aη
aηbηcηdεµνρλ, (A.33)
XabA =
1
12
(
C∗Aη
a − C∗AµA
aµ
)
Cbαβγδε
αβγδ − 1
12
C∗Aµη
aCbνρλε
µνρλ
+1
6
V ∗µνA
(
12B∗aρλCbµνρλ + η
aCbµν − 3A
aρCbµνρ
)
− 1
12
V µA
(
2AaνCbµν
+8η∗aνρλCbµνρλ − 6B
∗aνρCbµνρ − η
aHbµ
)
, (A.34)
XabA,m1 =
(
− 1
12
H∗αm1C
∗
Aαε
µνρλ + C∗µνm1 V
∗ρλ
A +
1
3
C∗µνρm1 V
λ
A
)
ηaCbµνρλ
+1
4
(
2H∗µm1V
∗νρ
A + C
∗µν
m1
V ρA
)
ηaCbµνρ
−1
2
(
2H∗µm1V
∗νρ
A + C
∗µν
m1
V ρA
)
AaλCbµνρλ
+1
2
H∗µm1V
ν
A
(
4B∗aρλCbµνρλ +
1
3
ηaCbµν −A
aρCbµνρ
)
, (A.35)
XabA,m1m2 =
1
3
(
3H∗µm1H
∗ν
m2
V ∗ρλA + C
∗[µν
m1
Hρ]m2V
λ
A
)
ηaCbµνρλ
+1
4
H∗µm1H
∗ν
m2
(
V ρAη
aCbµνρ − 4V
ρ
AA
aλCbµνρλ
)
, (A.36)
XabA,m1m2m3 =
1
3
H∗µm1H
∗ν
m2
Hρm3V
λ
Aη
aCbµνρλ, (A.37)
XabAc =
1
4!
(C∗Aη
a − 2C∗AαA
aα) ηbηcµνρλε
µνρλ − 1
4!
C∗Aµη
aηbηcνρλε
µνρλ
+V ∗µνA
(
2B∗aρληb −AaρAbλ
)
ηcµνρλ
+ 1
12
(V ∗µνA η
a − 2V µAA
aν) ηbBcµν
−1
2
(V ∗µνA A
aρ − V µAB
∗aνρ) ηbηcµνρ
−2V µA
(
1
3
η∗aνρληb − B∗aνρAbλ
)
ηcµνρλ
− 1
12
V µA η
aηbA∗cµ −
1
4
V µAA
aνAbρηcµνρ, (A.38)
XabAc,m1 = −
1
4!
(
H∗αm1C
∗
Aαε
µνρλ − 12C∗µνm1 V
∗ρλ
A − 4C
∗µνρ
m1
V λA
)
ηaηbηcµνρλ
+1
4
(
2H∗µm1V
∗νρ
A + C
∗µν
m1
V ρA
)
ηaηbηcµνρ +
1
12
H∗µm1V
ν
Aη
aηbBcµν
−
[(
2H∗µm1V
∗νρ
A + C
∗µν
m1
V ρA
)
Aaλ − 2H∗µm1V
ν
AB
∗aρλ
]
ηbηcµνρλ
−1
2
H∗µm1V
ν
AA
aρ
(
ηbηcµνρ + 2A
bληcµνρλ
)
, (A.39)
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XabAc,m1m2 =
1
6
(
3H∗µm1H
∗ν
m2
V ∗ρλA + C
∗[µν
m1
H∗ρ]m2V
λ
A
)
ηaηbηcµνρλ
+1
8
H∗µm1H
∗ν
m2
V ρA
(
ηaηbηcµνρ − 8A
aληbηcµνρλ
)
, (A.40)
XabAc,m1m2m3 =
1
6
H∗µm1H
∗ν
m2
H∗ρm3V
λ
Aη
aηbηcµνρλ, (A.41)
XAab = −
(
C∗Aηaµνρλ + 2C
∗
Aµηaνρλ
)
ηµνρλb +
3
4
V ∗µνA η
ρ
aαβη
λαβ
b εµνρλ
+2
(
V ∗αβA Baαβ −
1
12
V αAA
∗
aα
)
ηbµνρλε
µνρλ
− 1
12
V αABaαµηbνρλε
µνρλ, (A.42)
XAab,m1 =
1
6
(
6H∗µm1C
∗
Aµ + 3C
∗µν
m1
V ∗ρλA εµνρλ + C
∗µνρ
m1
V λA εµνρλ
)
ηaαβγδη
αβγδ
b
+1
4
(
2H∗µm1V
∗νρ
A + C
∗µν
m1
V ρA
)
ηaµνρηbαβγδε
αβγδ
+3
4
H∗µm1V
ν
Aη
ρ
aαβη
λαβ
b εµνρλ +
1
6
H∗µm1V
ν
ABaµνηbαβγδε
αβγδ, (A.43)
XAab,m1m2 =
1
6
(
3H∗µm1H
∗ν
m2
V ∗ρλA + C
∗[µν
m1
H∗ρ]m2V
λ
A
)
ηaαβγδη
αβγδ
b εµνρλ
+1
4
H∗µm1H
∗ν
m2
V ρAηaµνρηbαβγδε
αβγδ, (A.44)
XAab,m1m2m3 =
1
6
H∗µm1H
∗ν
m2
H∗ρm3V
λ
Aηaαβγδη
αβγδ
b εµνρλ, (A.45)
XABa = −4
(
C∗ACB + C∗Aα C
Bα
)
ηaµνρλε
µνρλ
+4
(
C∗Aµ C
Bεµνρλ − 6V ∗AνρCBλ
)
ηaνρλ − 8V
∗AµνCBBaµν
+8V Aµ C
BA∗µa −
(
V ∗Aα V
Bα + 4V ∗AαβV Bαβ
)
ηaµνρλε
µνρλ
+4V AαV Bαµε
µνρληaνρλ − 8V
AµCBνBaµν , (A.46)
XABa,m1 = 4
(
H∗αm1C
∗A
α ε
µνρλ − 12C∗µνm1 V
∗Aρλ − 4C∗µνρm1 V
Aλ
)
CBηaµνρλ
−12
(
2H∗µm1V
∗Aνρ + C∗µνm1 V
Aρ
) (
CBηaµνρ + 4C
Bληaµνρλ
)
−4H∗µm1V
Aν
(
6CBρηaµνρ + V
B
µνηaαβγδε
αβγδ + 2CBBaµν
)
,(A.47)
XABa,m1m2 = −16
(
3H∗µm1H
∗ν
m2
V ∗Aρλ + C∗[µνm1 H
∗ρ]
m2
V Aλ
)
CBηaµνρλ
−12H∗µm1H
∗ν
m2
V Aρ
(
CBηaµνρ + 4C
Bληaµνρλ
)
, (A.48)
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XABa,m1m2m3 = −16H
∗µ
m1
H∗νm2H
∗ρ
m3
V λAC
Bηaµνρλ. (A.49)
The objects denoted by XaABCm1...mp, X
abc
AB,m1...mp
, XaAB,m1...mp , and X
b
ABa,m1...mp
,
with p = 0, 2, read as
XaABC = − 1
4!
(
2C∗AµV Bµ + V
∗AµνV ∗Bρλεµνρλ
)
CCηa
+ 1
12
V ∗AµνV Bρ
(
CCAaλ − CCληa
)
εµνρλ
+ 1
4!
V AµV BνCCB∗aρλεµνρλ
− 1
4!
V AµV Bν
(
CCρAaλεµνρλ + V
C
µνη
a
)
, (A.50)
XaABCm1 =
1
2·4!
(
C∗µνm1 V
Aρ + 4H∗µm1V
∗Aνρ
)
V BλCCηaεµνρλ
+ 1
4!
H∗µm1V
AνV Bρ
(
CCAaλ − CCληa
)
εµνρλ, (A.51)
XaABCm1m2 =
1
2·4!
H∗µm1H
∗ν
m2
V AρV BλCCηaεµνρλ, (A.52)
XabcAB =
1
2·4!
[(
V ∗µνA V
ρ
BA
aλ + V µAV
ν
BB
∗aρλ
)
ηb − V µAV
ν
BA
aρAbλ
]
ηcεµνρλ
− 1
6·4!
(
2C∗AµV
µ
B + V
∗µν
A V
∗ρλ
B εµνρλ
)
ηaηbηc, (A.53)
XabcAB,m1 =
1
12·4!
[(
4H∗µm1V
∗νρ
A V
λ
B + C
∗µν
m1
V ρAV
λ
B
)
ηa
+6H∗µm1V
ν
AV
ρ
BA
aλ
]
ηbηcεµνρλ, (A.54)
XabcAB,m1m2 =
1
12·4!
H∗µm1H
∗ν
m2
V ρAV
λ
Bη
aηbηcεµνρλ, (A.55)
XaAB = −
1
12·4!
(
C∗AαV
α
B ε
µνρλ − 12V ∗µνA V
∗ρλ
B
)
Caµνρλ
− 1
2·4!
V ∗µνA V
ρ
BC
a
µνρ −
1
2·4!
V µAV
ν
BC
a
µν , (A.56)
XaAB,m1 = −
1
12
(
H∗µm1V
∗νρ
A V
λ
B +
1
4
C∗µνm1 V
ρ
AV
λ
B
)
Caµνρλ
− 1
4·4!
H∗µm1V
ν
AV
ρ
BC
a
µνρ, (A.57)
XaAB,m1m2 = −
1
2·4!
H∗µm1H
∗ν
m2
V ρAV
λ
BC
a
µνρλ, (A.58)
XbABa = −
1
12·4!
(
C∗AαV
α
B ε
µνρλ − 12V ∗µνA V
∗ρλ
B
)
ηaµνρλη
b
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+ 1
2·4!
V ∗µνA V
ρ
B
(
ηaµνρη
b − 4ηaµνρλA
bλ
)
− 1
4!
V µAV
ν
BηaµνρλB
∗bρλ
− 1
12·4!
V µAV
ν
B
(
Baµνη
b + 3ηaµνρA
bρ
)
, (A.59)
XbABa,m1 = −
1
12
(
H∗µm1V
∗νρ
A +
1
4
C∗µνm1 V
ρ
A
)
V λBηaµνρλη
b
+ 1
4·4!
H∗µm1V
ν
AV
ρ
B
(
ηaµνρη
b − 4ηaµνρλA
bλ
)
, (A.60)
XbABa,m1m2 = −
1
2·4!
H∗µm1H
∗ν
m2
V ρAV
λ
Bηaµνρλη
b. (A.61)
In the end of this section we list the remaining type-X objects from (4.85),
namely XABCD,m1...mp , X
ab
ABC,m1...mp
, and XABCa,m1...mp , with p = 0, 1, as well as
XaABCD:
XABCD =
1
12
(
V ∗µνA V
ρ
BV
λ
CCD +
1
3
V µAV
ν
BV
ρ
CC
λ
D
)
εµνρλ, (A.62)
XABCD,m1 =
2
3·4!
H∗µm1V
ν
AV
ρ
BV
λ
CCDεµνρλ, (A.63)
XabABC =
1
4!
(
V ∗µνA V
ρ
BV
λ
C η
aηb − 2
3
V µAV
ν
BV
ρ
CA
aληb
)
εµνρλ, (A.64)
XabABC,m1 =
1
3·4!
H∗µm1V
ν
AV
ρ
BV
λ
C η
aηbεµνρλ, (A.65)
XABCa = −
1
12
V ∗AµνV BρV Cληaµνρλ −
1
6·4!
V AµV BνV Cρηaµνρ, (A.66)
XABCa,m1 = −
2
3·4!
H∗µm1V
AνV BρV Cληaµνρλ, (A.67)
XaABCD = −
1
3·4!
V µAV
ν
BV
ρ
CV
λ
Dη
aεµνρλ. (A.68)
B Gauge generators of the deformed model
From the terms of antighost number 1 present in (4.111) we determine the
deformed gauge generators that produce the deformed gauge transformations
(5.7)–(5.12). We added a supplementary index between parentheses to the
gauge generators such as to distinguish among the fields to which the gauge
generators are associated with. We list below only the nonvanishing genera-
tors of the various fields, which read as:
(Z¯a(ϕ))b = −λWab, (B.1)
(Z¯aµ(H))b =
λ
2
εµνρλ
[(
− 1
12
∂Mbcde
∂ϕa
Acν +
∂fAbde
∂ϕa
V νA
)
Adρ
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+
∂gABbe
∂ϕa
V νAV
ρ
B
]
Aeλ + λ
[
−
∂Wbc
∂ϕa
Hcµ +
∂fAbB
∂ϕa
V νAV
B
µν
+
(
∂Mdbc
∂ϕa
Acν + 1
12
∂fAdb
∂ϕa
V νA
)
Bdµν
]
, (B.2)
(Z¯aµ(H))
αβ
b = −δ
a
b ∂
[α δ β]µ + λ
(
∂Wbc
∂ϕa
Ac[αδβ]µ −
1
12
∂fAb
∂ϕa
V A[αδβ]µ
)
, (B.3)
(Z¯aµ(H))
b
αβγ = −
λ
2
∂M bcd
∂ϕa
σµ[αA
c
βA
d
γ] + 2λ
∂M bc
∂ϕa
σµρB
ρλ
c ελαβγ
+ λ
4!
(
∂f bAc
∂ϕa
σµ[αV
A
β A
c
γ] −
∂gbAB
∂ϕa
σµ[αV
A
β V
B
γ]
)
, (B.4)
(Z¯aµ(H))
σ
A = λεµνρλσ
λσ
(
∂fbAB
∂ϕa
V BνAbρ + 1
2
∂gBCA
∂ϕa
V νBV
ρ
C
)
, (B.5)
(Z¯aµ(A))b = δ
a
b∂µ − λM
a
bcA
c
µ −
λ
12
faAbV
A
µ , (B.6)
(Z¯aµ(A))
b
αβγ = −2λM
abεµαβγ , (B.7)
(Z¯µν
a(B))b = λε
µνρλ
(
1
8
MabcdA
c
ρA
d
λ + fAabcV
A
ρ A
c
λ −
1
2
gABabV
A
ρ V
B
λ
)
−λM cabB
µν
c , (B.8)
(Z¯µν
a(B))
αβ
b = λWabσ
µ[ασβ]ν , (B.9)
(Z¯µν
a(B))
b
αβγ = −
1
2
δba∂[α δ
µ
βδ
ν
γ] −
λ
2
(
M bacδ
µ
[αδ
ν
βA
c
γ] +
1
12
f bAaδ
µ
[αδ
ν
βV
A
γ]
)
, (B.10)
(Z¯µν
a(B))
λ
A = −λε
µνρλfaABV
B
ρ , (B.11)
(Z¯Aµ(V ))a = λf
A
aBV
B
µ , (B.12)
(Z¯Aµν(V ))a = λf
A
aBV
B
µν +
λ
12
fAbaBbµν + λεµνρλ
(
1
2
fAabcA
bρ + gABac V
ρ
B
)
Acλ, (B.13)
(Z¯Aµν(V ))
αβ
a =
λ
4!
fAa δ
[α
µ δ
β]
ν , (B.14)
(Z¯Aµν(V ))
a
αβγ =
λ
4!
(
fAab A
b
σ − g
aABVBσ
)
σµρσνλδ
ρ
[αδ
λ
βδ
σ
γ], (B.15)
(Z¯Aµν(V ))Bλ = εµνρλ
(
δAB∂
ρ − λfAaBA
aρ + λgACBV
ρ
C
)
. (B.16)
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C Reducibility of the deformed gauge trans-
formations
From the terms of antighost number 2 in (4.111) that are simultaneously
linear in the ghosts for ghosts and in the antifields of the ghosts we identify
the first-order reducibility functions for the coupled model as
(Z¯
(1)a
αβ )
µνρ
b = −
1
2
(
δab∂
[µδναδ
ρ]
β − λ
∂Wbc
∂ϕa
Ac[µδναδ
ρ]
β
)
− λ
2·4!
∂fAb
∂ϕa
δ[µα δ
ν
βδ
ρ]
γ V
γ
A , (C.1)
(Z¯
(1)a
αβ )
b
µνρλ =
λ
8
∂M bcd
∂ϕa
σα′[ασβ]β′δ
α′
[µ δ
β′
ν A
c
ρA
d
λ] + λεµνρλ
∂M bc
∂ϕa
Bcαβ
− λ
4·4!
εµνρλεαβγδ
(
∂gbAB
∂ϕa
V γAV
δ
B − 2
∂fAbc
∂ϕa
V γAA
cδ
)
, (C.2)
(Z¯
(1)a
αβ )A =
λ
2
εαβρλ
(
∂fBbA
∂ϕa
V ρBA
bλ − 1
2
∂gBCA
∂ϕa
V ρBV
λ
C
)
, (C.3)
(Z¯(1)αβγa )
b
µνρλ = −
1
6
(
δba∂[µδ
α
ν δ
β
ρ δ
γ
λ] + λM
b
acA
c
[µδ
α
ν δ
β
ρ δ
γ
λ]
)
+ λ
3·4!
fAba δ
α
[µδ
β
ν δ
γ
ρδ
δ
λ]VAδ, (C.4)
(Z¯(1)αβγa )
µνρ
b = −
λ
3
Wab
(
σα[µσν]βσργ + σα[νσρ]βσµγ + σα[ρσµ]βσνγ
)
, (C.5)
(Z¯(1)αβγa )A = −
λ
3
εαβγδfBaAVBδ, (C.6)
(Z¯(1)Aµ )B = δ
A
B∂µ − λf
A
aBA
a
µ + λg
AC
BVCµ, (C.7)
(Z¯(1)Aµ )
αβγ
a =
λ
4!
fAa σµνε
ναβγ, (C.8)
(Z¯(1)Aµ )
a
αβγδ = −
λ
4!
εαβγδ
(
fAab A
b
µ − g
aABVBµ
)
, (C.9)
(Z¯(1)a)bαβγδ = −2λεαβγδM
ab. (C.10)
The first-order reducibility relations of the coupled theory result from the
components of (4.111) with the antighost number equal to 2 that are simul-
taneously linear in the ghosts for ghosts and quadratic in the antifields of the
original fields, being expressed in De Witt condensed form as
(Z¯aµ(A))e(Z¯
(1)e)bαβγδ +(Z¯
a
µ(A))
e
νρλ(Z¯
(1)νρλ
e )
b
αβγδ = −2λεαβγδ
∂Mab
∂ϕc
δSL
δHcµ
, (C.11)
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(Z¯µν
a(B))
e
ρλσ(Z¯
(1)ρλσ
e )
αβγ
b + (Z¯
µν
a(B))
ρλ
e (Z¯
(1)e
ρλ )
αβγ
b + (Z¯
µν
a(B))
σ
A(Z¯
(1)A
σ )
αβγ
b
= λ
∂Wab
∂ϕc
δSL
δHcρ
σµµ
′
σνν
′
δ
[α
µ′δ
β
ν′δ
γ]
ρ , (C.12)
(Z¯µν
a(B))e(Z¯
(1)e)bαβγδ + (Z¯
µν
a(B))
e
ρλσ(Z¯
(1)ρλσ
e )
b
αβγδ
+(Z¯µν
a(B))
ρλ
e (Z¯
(1)e
ρλ )
b
αβγδ + (Z¯
µν
a(B))
σ
A(Z¯
(1)A
σ )
b
αβγδ
= −λ
2
δµ[αδ
ν
βδ
ρ
γδ
λ
δ]
(
∂M bac
∂ϕd
δSL
δHdρ
Acλ +M
b
ac
δSL
δBρλc
)
− λ
4!
δµ[αδ
ν
βδ
ρ
γδ
λ
δ]
(
fAba
δSL
δV Aρλ
+
∂fAba
∂ϕc
δSL
δHcρ
VAλ
)
, (C.13)
(Z¯µν
a(B))
e
ρλσ(Z¯
(1)ρλσ
e )A + (Z¯
µν
a(B))
ρλ
e (Z¯
(1)e
ρλ )A + (Z¯
µν
a(B))
σ
B(Z¯
(1)B
σ )A
= λεµνρλ
(
fBaA
δSL
δV Bρλ
+
∂fBaA
∂ϕc
δSL
δHcρ
VBλ
)
, (C.14)
(Z¯Aµν(V ))
σ
C(Z¯
(1)C
σ )B + (Z¯
A
µν(V ))
ρλ
e (Z¯
(1)e
ρλ )B + (Z¯
A
µν(V ))
e
ρλσ(Z¯
(1)ρλσ
e )B
= −λεµνρλ
(
fAaB
δSL
δBaρλ
+
∂fAaB
∂ϕc
δSL
δHcρ
Aaλ
)
+λεµνρλ
(
gACB
δSL
δV Cρλ
+
∂gACB
∂ϕc
δSL
δHcρ
V λC
)
, (C.15)
(Z¯Aµν(V ))
σ
B(Z¯
(1)B
σ )
αβγ
a + (Z¯
A
µν(V ))
ρλ
e (Z¯
(1)e
ρλ )
αβγ
a + (Z¯
A
µν(V ))
e
ρλσ(Z¯
(1)ρλσ
e )
αβγ
a
= λ
4!
δ[αµ δ
β
ν δ
γ]
ρ
∂fAa
∂ϕb
δSL
δHbρ
, (C.16)
(Z¯Aµν(V ))
σ
B(Z¯
(1)B
σ )
a
αβγδ + (Z¯
A
µν(V ))
ρλ
e (Z¯
(1)e
ρλ )
a
αβγδ
+(Z¯Aµν(V ))e(Z¯
(1)e)aαβγδ + (Z¯
A
µν(V ))
e
ρλσ(Z¯
(1)ρλσ
e )
a
αβγδ
= λ
4!
σµµ′σνν′δ
µ′
[αδ
ν′
β δ
ρ
γδ
λ
δ]
(
fAab
δSL
δBρλb
+
∂fAab
∂ϕc
δSL
δHcρ
Abλ
)
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− λ
4!
σµµ′σνν′δ
µ′
[αδ
ν′
β δ
ρ
γδ
λ
δ]
(
gaAB
δSL
δV Bρλ
+
∂gaAB
∂ϕb
δSL
δHbρ
VBλ
)
, (C.17)
(Z¯aµ(H))
e
ρλσ(Z¯
(1)ρλσ
e )
αβγ
b + (Z¯
a
µ(H))
ρλ
e (Z¯
(1)e
ρλ )
αβγ
b + (Z¯
a
µ(H))
σ
B(Z¯
(1)B
σ )
αβγ
b
= λδ[αµ δ
β
ν δ
γ]
ρ
(
∂Wbc
∂ϕa
δSL
δBcνρ
+
∂2Wbc
∂ϕa∂ϕe
δSL
δHeν
Acρ
)
− λ
4!
δ[αµ δ
β
ν δ
γ]
ρ
(
∂fAb
∂ϕa
δSL
δV Aνρ
+
∂2fAb
∂ϕa∂ϕc
δSL
δHcν
V ρA
)
, (C.18)
(Z¯aµ(H))e(Z¯
(1)e)bαβγδ + (Z¯
a
µ(H))
e
ρλσ(Z¯
(1)ρλσ
e )
b
αβγδ
+(Z¯aµ(H))
ρλ
e (Z¯
(1)e
ρλ )
b
αβγδ + (Z¯
a
µ(H))
σ
B(Z¯
(1)B
σ )
b
αβγδ
= λ
2
σµ[αδ
ν
βδ
ρ
γδ
λ
δ]
(
∂M bcd
∂ϕa
δSL
δBνρc
Adλ +
1
2
∂M bcd
∂ϕa∂ϕe
δSL
δHeν
AcρA
d
λ
)
+2λεαβγδ
(
∂M bc
∂ϕa
δSL
δAcµ
+
∂2M bc
∂ϕa∂ϕd
δSL
δHdν
Bcµν
)
− λ
4!
σµ[αδ
ν
βδ
ρ
γδ
λ
δ]
[
∂2fAbc
∂ϕa∂ϕd
δSL
δHdν
VAρA
c
λ +
∂fAbc
∂ϕa
(
δSL
δV Aνρ
Acλ
−
δSL
δBνρc
VAλ
)
−
(
∂2gbAB
∂ϕa∂ϕc
δSL
δHcν
VAρ +
∂gbAB
∂ϕa
δSL
δV Aνρ
)
VBλ
]
,(C.19)
(Z¯aµ(H))
σ
C(Z¯
(1)C
σ )A + (Z¯
a
µ(H))
ρλ
e (Z¯
(1)e
ρλ )A + (Z¯
a
µ(H))
e
ρλσ(Z¯
(1)ρλσ
e )A
= λεµνρλ
[
δSL
δV Bνρ
(
∂fBbA
∂ϕa
Abλ −
∂gBCA
∂ϕa
V λC
)
−
∂fBbA
∂ϕa
δSL
δBbνρ
V λB
+
δSL
δHcν
(
∂2fBbA
∂ϕa∂ϕc
V ρBA
bλ − 1
2
∂2gBCA
∂ϕa∂ϕc
V ρBV
λ
C
)]
. (C.20)
The deformed gauge generators are given in (B.1)–(B.16) and SL represents
the deformed Lagrangian action (5.1).
The pieces of antighost number 3 from (4.111) that are simultaneously
linear in the ghosts for ghosts for ghosts and in the antifields of the ghosts
for ghosts offer us the second-order reducibility functions for the interacting
model of the form
(Z¯(2)A)µνρλa =
λ
4!
fAa ε
µνρλ, (C.21)
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(Z¯
(2)a
αβγ )
µνρλ
b = −
1
6
(
δab ∂
[µδναδ
ρ
βδ
λ]
γ + λ
∂Wcb
∂ϕa
Ac[µδναδ
ρ
βδ
λ]
γ
)
+ λ
3!·4!
δ[µα δ
ν
βδ
ρ
γδ
λ]
δ
∂fAb
∂ϕa
V δA, (C.22)
(Z¯(2)µ1µ2µ3µ4a )
µνρλ
b =
λ
12
Wab
∑
π∈S4
(−)π σµpi(1)µσµpi(2)νσµpi(3)ρσµpi(4)λ, (C.23)
where S4 denotes the set of permutations of {1, 2, 3, 4} and (−)
π is the sig-
nature of a given permutation π. By means of the terms with the antighost
number equal to 3 present in (4.111) that are linear in the ghosts for ghosts
for ghosts and also quadratic in antifields we infer the second-order reducibil-
ity relations for the interacting model in condensed De Witt form, which read
as
(Z¯(1)Aµ )B(Z¯
(2)B)αβγδa + (Z¯
(1)A
µ )
νρλ
b (Z¯
(2)b
νρλ )
αβγδ
a
+(Z¯(1)Aµ )
b
νρλσ(Z¯
(2)νρλσ
b )
αβγδ
a
= λ
4!
εαβγδ
∂fAa
∂ϕb
δSL
δHbµ
, (C.24)
(Z¯(1)αβγa )A(Z¯
(2)A)µνρλb + (Z¯
(1)αβγ
a )
δσε
e (Z¯
(2)e
δσε )
µνρλ
b
+(Z¯(1)αβγa )
e
δσεη(Z¯
(2)δσεη
e )
µνρλ
b
= λ
3
δ
[µ
α′δ
ν
β′δ
ρ
γ′δ
λ]
δ′ σ
αα′σββ
′
σγγ
′ ∂Wab
∂ϕc
δSL
δHcδ′
, (C.25)
(Z¯(1)aµν )A(Z¯
(2)A)αβγδb + (Z¯
(1)a
µν )
δσε
e (Z¯
(2)e
δσε )
αβγδ
b
+(Z¯(1)aµν )
e
δσεη(Z¯
(2)δσεη
e )
αβγδ
b
= λ
2
δ[αµ δ
β
ν δ
γ
ρδ
δ]
λ
[
δSL
δHdρ
(
∂2Wbc
∂ϕa∂ϕd
Acλ − 1
4!
∂2fAb
∂ϕa∂ϕd
V λA
)
+
∂Wbc
∂ϕa
δSL
δBcρλ
− 1
4!
∂fAb
∂ϕa
δSL
δV Aρλ
]
. (C.26)
D Gauge algebra of the deformed model
The nonvanishing commutators among the deformed gauge transformations
(5.7)–(5.12) result from the terms quadratic in the ghosts with pure ghost
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number 1 present in (4.111). By analyzing these terms and taking into ac-
count the expressions (B.1)–(B.16), we deduce the following nonvanishing
relations:
(Z¯e(ϕ))b
δ(Z¯a(ϕ))c
δϕe
− (Z¯e(ϕ))c
δ(Z¯a(ϕ))b
δϕe
= λMebc(Z¯a(ϕ))e, (D.1)
(Z¯e(ϕ))b
δ(Z¯aµ(A))c
δϕe
+ (Z¯mσ(A))b
δ(Z¯aµ(A))c
δAmσ
+ (Z¯Aσ(V ))b
δ(Z¯aµ(A))c
δV Aσ
−(Z¯e(ϕ))c
δ(Z¯aµ(A))b
δϕe
− (Z¯mσ(A))c
δ(Z¯aµ(A))b
δAmσ
− (Z¯Aσ(V ))c
δ(Z¯aµ(A))b
δV Aσ
= λ
[
Mdbc(Z¯
a
µ(A))d +
1
12
Mdbceε
αβγδAeδ(Z¯
a
µ(A))
d
αβγ
−1
3
fAbcdε
αβγδV Aδ (Z¯
a
µ(A))
d
αβγ −
δSL
δHdµ
∂Mabc
∂ϕd
]
, (D.2)
(Z¯e(ϕ))b
δ(Z¯aµ(A))
c
αβγ
δϕe
− (Z¯mσ(A))
c
αβγ
δ(Z¯aµ(A))b
δAmσ
= −λM cbd(Z¯
a
µ(A))
d
αβγ , (D.3)
(Z¯e(ϕ))b
δ(Z¯µν
a(B))c
δϕe
+ (Z¯mσ(A))b
δ(Z¯µν
a(B))c
δAmσ
+ (Z¯σεm(B))b
δ(Z¯µν
a(B))c
δBσεm
+(Z¯Aσ(V ))b
δ(Z¯µν
a(B))c
δV Aσ
− (Z¯e(ϕ))c
δ(Z¯µν
a(B))b
δϕe
− (Z¯mσ(A))c
δ(Z¯µν
a(B))b
δAmσ
−(Z¯σεm(B))c
δ(Z¯µν
a(B))b
δBσεm
− (Z¯Aσ(V ))c
δ(Z¯µν
a(B))b
δV Aσ
= λ
{
Mdbc(Z¯
µν
a(B))d −
1
3
fAbcdε
αβγδV Aδ (Z¯
µν
a(B))
d
αβγ
+ 1
12
Mdbceε
αβγδAeδ(Z¯
µν
a(B))
d
αβγ
−1
2
[
∂Mdbc
∂ϕe
Bdαβ − εαβγδ
(
1
8
∂Mbcdf
∂ϕe
Adγ +
∂fAbcf
∂ϕe
V γA
)
Afδ
+1
2
εαβγδ
∂gABbc
∂ϕe
V γAV
δ
B
]
(Z¯µν
a(B))
αβ
e +
(
gABbc VBλ − f
A
bcdA
d
λ
)
(Z¯µν
a(B))
λ
A
−λεµνρλ
[
δSL
δHmρ
(
∂fAabc
∂ϕm
VAλ −
1
4
∂Mabcd
∂ϕm
Adλ
)
+ fAabc
δSL
δV Aρλ
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−1
4
Mabcd
δSL
δBρλd
]}
, (D.4)
(Z¯e(ϕ))b
δ(Z¯µν
a(B))
αβ
c
δϕe
− (Z¯σεm(B))
αβ
c
δ(Z¯µν
a(B))b
δBσεm
= λ
∂Wbc
∂ϕd
(Z¯µν
a(B))
αβ
d , (D.5)
(Z¯e(ϕ))b
δ(Z¯µν
a(B))
c
αβγ
δϕe
+ (Z¯mσ(A))b
δ(Z¯µν
a(B))
c
αβγ
δAmσ
+ (Z¯Aσ(V ))b
δ(Z¯µν
a(B))
c
αβγ
δV Aσ
−(Z¯mσ(A))
c
αβγ
δ(Z¯µν
a(B))b
δAmσ
− (Z¯σεm(B))
c
αβγ
δ(Z¯µν
a(B))b
δBσεm
= λ
[
−1
4
(
∂M cbd
∂ϕe
Ad[αδ
ρ
βδ
λ
γ] +
1
12
∂f cAb
∂ϕe
V A[αδ
ρ
βδ
λ
γ]
)
(Z¯µν
a(B))eρλ
+M ceb(Z¯
µν
a(B))
e
αβγ +
1
2
∂M cab
∂ϕm
δSL
δHmρ
δµ[αδ
ν
βδ
ρ
γ]
+ 1
4!
ελαβγf
Mc
b (Z¯
µν
a(B))
λ
M
]
, (D.6)
(Z¯mσ(A))
b
αβγ
δ(Z¯µν
a(B))
c
α′β′γ′
δAmσ
− (Z¯mσ(A))
c
α′β′γ′
δ(Z¯µν
a(B))
b
αβγ
δAmσ
= −λ
2
∂M bc
∂ϕe
ερλδεεδαβγεεα′β′γ′(Z¯
µν
a(B))eρλ, (D.7)
(Z¯e(ϕ))b
δ(Z¯µν
a(B))
λ
A
δϕe
+ (Z¯Bσ(V ))b
δ(Z¯µν
a(B))
λ
A
δV Bσ
− (Z¯σεm(B))
λ
A
δ(Z¯µν
a(B))b
δBσεm
= −λfBbA(Z¯
µν
a(B))
λ
B +
λ
2
εαβρλ
∂fbMA
∂ϕe
V Mρ (Z¯
µν
a(B))eαβ, (D.8)
(Z¯e(ϕ))b
δ(Z¯Aµ(V ))c
δϕe
+ (Z¯Bσ(V ))b
δ(Z¯Aµ(V ))c
δV Bσ
− (Z¯e(ϕ))c
δ(Z¯Aµ(V ))b
δϕe
−(Z¯Bσ(V ))c
δ(Z¯Aµ(V ))b
δV Bσ
= λMdbc(Z¯
A
µ(V ))d, (D.9)
(Z¯e(ϕ))b
δ(Z¯Aµν(V ))c
δϕe
+ (Z¯mσ(A))b
δ(Z¯Aµν(V ))c
δAmσ
+ (Z¯σεm(B))b
δ(Z¯Aµν(V ))c
δBσεm
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+(Z¯Bσ(V ))b
δ(Z¯Aµν(V ))c
δV Bσ
+ (Z¯Bσε(V ))b
δ(Z¯Aµν(V ))c
δV Bσε
− (Z¯e(ϕ))c
δ(Z¯Aµν(V ))b
δϕe
−(Z¯mσ(A))c
δ(Z¯Aµν(V ))b
δAmσ
− (Z¯σεm(B))c
δ(Z¯Aµν(V ))b
δBσεm
− (Z¯Bσ(V ))c
δ(Z¯Aµν(V ))b
δV Bσ
−(Z¯Bσε(V ))c
δ(Z¯Aµν(V ))b
δV Bσε
= λ
{
Mdbc(Z¯
A
µν(V ))d −
1
3
εαβγδ
[
fMbcdV
M
δ −
1
4
MdbceA
e
δ
]
(Z¯Aµν(V ))
d
αβγ
−1
2
[
∂Mdbc
∂ϕe
Bdαβ − εαβγδ
(
1
8
∂Mbcdf
∂ϕe
Adγ +
∂fMbcf
∂ϕe
V γM
)
Afδ
+1
2
εαβγδ
∂gBCbc
∂ϕe
V γBV
δ
C
]
(Z¯Aµν(V ))
αβ
e +
(
gMBbc VBλ − f
M
bcdA
d
λ
)
(Z¯Aµν(V ))
λ
M
+εµνρλ
[
δSL
δHmρ
(
∂fAbcd
∂ϕm
Adλ −
∂gABbc
∂ϕm
V λB
)
+ fAbcd
δSL
δBdρλ
−gABbc
δSL
δV Bρλ
]}
, (D.10)
(Z¯e(ϕ))b
δ(Z¯Aµν(V ))
c
αβγ
δϕe
+ (Z¯mσ(A))b
δ(Z¯Aµν(V ))
c
αβγ
δAmσ
+ (Z¯Bσ(V ))b
δ(Z¯Aµν(V ))
c
αβγ
δV Bσ
−(Z¯mσ(A))
c
αβγ
δ(Z¯Aµν(V ))b
δAmσ
− (Z¯σεm(B))
c
αβγ
δ(Z¯Aµν(V ))b
δBσεm
− (Z¯Bσε(V ))
c
αβγ
δ(Z¯Aµν(V ))b
δV Bσε
= λ
[
−1
4
(
∂M cbd
∂ϕe
Ad[αδ
ρ
βδ
λ
γ] +
1
12
∂f cMb
∂ϕe
V M[α δ
ρ
βδ
λ
γ]
)
(Z¯Aµν(V ))eρλ
+M ceb(Z¯
A
µν(V ))
e
αβγ +
1
4!
ελαβγf
Mc
b (Z¯
A
µν(V ))
λ
M
− 1
4!
εµνρλεσαβγσ
λσ ∂f
Ac
b
∂ϕm
δSL
δHmρ
]
, (D.11)
(Z¯e(ϕ))b
δ(Z¯Aµν(V ))
αβ
c
δϕe
− (Z¯Bσε(V ))
αβ
c
δ(Z¯Aµν(V ))b
δV Bσε
− (Z¯σεm(B))
αβ
c
δ(Z¯µν(V ))b
δBσεm
= λ
∂Wbc
∂ϕd
(Z¯Aµν(V ))
αβ
d , (D.12)
(Z¯mσ(A))
b
αβγ
δ(Z¯Aµν(V ))
c
α′β′γ′
δAmσ
− (Z¯mσ(A))
c
α′β′γ′
δ(Z¯Aµν(V ))
b
αβγ
δAmσ
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= −λ
2
∂M bc
∂ϕe
ερλδεεδαβγεεα′β′γ′(Z¯
A
µν(V ))eρλ, (D.13)
(Z¯e(ϕ))b
δ(Z¯Aµν(V ))
λ
B
δϕe
+ (Z¯mσ(A))b
δ(Z¯Aµν(V ))
λ
B
δAmσ
+ (Z¯Cσ(V ))b
δ(Z¯Aµν(V ))
λ
B
δV Cσ
−(Z¯σεm(B))
λ
B
δ(Z¯Aµν(V ))b
δBσεm
− (Z¯Cσε(V ))
λ
B
δ(Z¯Aµν(V ))b
δV Cσε
= −λfMbB(Z¯
A
µν(V ))
λ
M +
λ
2
εαβρλ
∂fbMB
∂ϕe
V Mρ (Z¯
A
µν(V ))eαβ
+λσλσεµνρσ
∂fAbB
∂ϕm
δSL
δHmρ
, (D.14)
(Z¯e(ϕ))b
δ(Z¯aµ(H))c
δϕe
+ (Z¯mσ(A))b
δ(Z¯aµ(H))c
δAmσ
+ (Z¯mσ(H))b
δ(Z¯aµ(H))c
δHmσ
+(Z¯σεm(B))b
δ(Z¯aµ(H))c
δBσεm
+ (Z¯Aσ(V ))b
δ(Z¯aµ(H))c
δV Aσ
+ (Z¯Aσε(V ))b
δ(Z¯aµ(H))c
δV Aσε
−(Z¯e(ϕ))c
δ(Z¯aµ(H))b
δϕe
− (Z¯mσ(A))c
δ(Z¯aµ(H))b
δAmσ
− (Z¯mσ(H))c
δ(Z¯aµ(H))b
δHmσ
−(Z¯σεm(B))c
δ(Z¯aµ(H))b
δBσεm
− (Z¯Aσ(V ))c
δ(Z¯aµ(H))b
δV Aσ
− (Z¯Aσε(V ))c
δ(Z¯aµ(H))b
δV Aσε
= λ
{
Mdbc(Z¯
a
µ(H))d −
1
3
εαβγδ
[
fMbcdV
M
δ −
1
4
MdbceA
e
δ
]
(Z¯aµ(H))
d
αβγ
−1
2
[
∂Mdbc
∂ϕe
Bdαβ − εαβγδ
(
1
8
∂Mbcdf
∂ϕe
Adγ +
∂fMbcf
∂ϕe
V γM
)
Afδ
+1
2
εαβγδ
∂gBCbc
∂ϕe
V γBV
δ
C
]
(Z¯aµ(H))
αβ
e +
(
gMBbc VBλ − f
M
bcdA
d
λ
)
(Z¯aµ(H))
λ
M
+
δSL
δHmν
[
∂2Mdbc
∂ϕm∂ϕa
Bdµν +
1
2
εµνρλ
(
∂2gABbc
∂ϕm∂ϕa
V ρAV
λ
B
−2
∂2fAbcd
∂ϕm∂ϕa
V ρAA
dλ − 1
4
∂2Mbcde
∂ϕm∂ϕa
AdρAeλ
)]
+εµνρλ
δSL
δBdρλ
(
∂fAbcd
∂ϕa
V νA −
1
8
∂Mbcde
∂ϕa
Aeν
)
+εµνρλ
δSL
δV Aρλ
(
∂gABbc
∂ϕa
V νB −
∂fAbcd
∂ϕa
Adν
)
+
∂Mdbc
∂ϕa
δSL
δAdµ
}
, (D.15)
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(Z¯e(ϕ))b
δ(Z¯aµ(H))
c
αβγ
δϕe
+ (Z¯mσ(A))b
δ(Z¯aµ(H))
c
αβγ
δAmσ
+ (Z¯σεm(B))b
δ(Z¯aµ(H))
c
αβγ
δBσεm
+(Z¯Aε(V ))b
δ(Z¯aµ(H))
c
αβγ
δV Aε
− (Z¯mσ(A))
c
αβγ
δ(Z¯aµ(H))b
δAmσ
−(Z¯mσ(H))
c
αβγ
δ(Z¯aµ(H))b
δHmσ
− (Z¯σεm(B))
c
αβγ
δ(Z¯aµ(H))b
δBσεm
= λ
{
−1
4
(
∂M cbd
∂ϕe
Ad[αδ
ρ
βδ
λ
γ] +
1
12
∂f cAb
∂ϕe
V A[αδ
ρ
βδ
λ
γ]
)
(Z¯aµ(H))eρλ
+M ceb(Z¯
a
µ(H))
e
αβγ +
1
4!
ελαβγf
Mc
b (Z¯
a
µ(H))
λ
M
+1
2
σµ[αδ
ν
βδ
ρ
γ]
[
δSL
δHmν
(
∂2M cbd
∂ϕa∂ϕm
Adρ +
1
12
∂2f cAb
∂ϕa∂ϕm
V Aρ
)
+
∂M cbd
∂ϕa
δSL
δBνρd
+ 1
12
∂f cAb
∂ϕa
δSL
δV νρA
]}
, (D.16)
(Z¯e(ϕ))b
δ(Z¯aµ(H))
αβ
c
δϕe
+ (Z¯mσ(A))b
δ(Z¯aµ(H))
αβ
c
δAmσ
+ (Z¯Aσ(V ))b
δ(Z¯aµ(H))
αβ
c
δV Aσ
−(Z¯mσ(H))
αβ
c
δ(Z¯aµ(H))b
δHmσ
− (Z¯σεm(B))
αβ
c
δ(Z¯aµ(H))b
δBσεm
− (Z¯Aσε(V ))
αβ
c
δ(Z¯aµ(H))b
δV Aσε
= λ
[
∂Wbc
∂ϕd
(Z¯aµ(H))
αβ
d −
∂2Wbc
∂ϕa∂ϕd
δSL
δHdν
δ[αµ δ
β]
ν
]
, (D.17)
(Z¯mσ(A))
b
αβγ
δ(Z¯aµ(H))
c
α′β′γ′
δAmσ
+ (Z¯σεm(B))
b
αβγ
δ(Z¯aµ(H))
c
α′β′γ′
δBσεm
−(Z¯mσ(A))
c
α′β′γ′
δ(Z¯aµ(H))
b
αβγ
δAmσ
− (Z¯σεm(B))
c
α′β′γ′
δ(Z¯aµ(H))
b
αβγ
δBσεm
= −λ
2
∂M bc
∂ϕe
ερλδεεδαβγεεα′β′γ′(Z¯
a
µ(H))eρλ
+λεµνρλεδαβγεεα′β′γ′σ
ρδσελ
∂2M bc
∂ϕa∂ϕd
δSL
δHdν
, (D.18)
(Z¯e(ϕ))b
δ(Z¯aµ(H))
λ
B
δϕe
+ (Z¯mσ(A))b
δ(Z¯aµ(H))
λ
B
δAmσ
+ (Z¯Cσ(V ))b
δ(Z¯aµ(H))
λ
B
δV Cσ
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−(Z¯Cσε(V ))
λ
B
δ(Z¯aµ(H))b
δV Cσε
− (Z¯mσ(H))
λ
B
δ(Z¯aµ(H))b
δHmσ
− (Z¯σεm(B))
λ
B
δ(Z¯aµ(H))b
δBσεm
= −λfMbB(Z¯
a
µ(H))
λ
M +
λ
2
εαβρλ
∂fbMB
∂ϕe
V Mρ (Z¯
a
µ(H))eαβ
−λεµνρσσ
σλ
(
∂2fbMB
∂ϕa∂ϕe
V Mρ
δSL
δHeν
+
∂fbMB
∂ϕa
δSL
δVMνρ
)
. (D.19)
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